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INTRODUCTION. 



The following pages contain the proofs of the principal 
Formnlae of Plane and Spherical Trigonometry, and the 
Theory and "Investigations" of the various Problems of 
Nautical Astronomy in general use. 

The FormulaB are so divided into Classes, and numbered, 
that they may be easily referred to. At the end of the 
work are Exercises in the Solutions of all cases of Plane 
and Spherical Triangles, together with Questions (some oi 
them analytical) depending upon a ready knowledge of the 
various Formulae previously proved. These Questions, with 
the exception of a very few, are original in their nature; 
but they are not very numerous, as the work is, mainly, 
and in pretension, theoretical. 

Some of the Problems, worked out as Examples, are well 
known amongst Mathematicians, and are to be found in 
all standard works on Navigation and Nautical Astronomy. 
For a few Investigations in the latter science, I am in- 
debted to sources acknowledged where those methods are 
inserted. 

As a representation of the course of Theory, taught on 
board the "Worcester" Training Ship, where, I may add, 
the want of such a work has been for a long time much 
felt, it is hoped, that, apart from the interests of those 
for whom it has been compiled, it may prove of use, 
generally, to others, who are making Navigation and Nau- 
tical Astronomy their chief objects of study. 

W. T. READ. 
H.M.S. "Worcester," 
January J 1869. 
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PLANE TRIGONOMETRY. 



The literal meaning of the word Trigonometry is, the " measnre 
of a triangle." The science therefore supplies us with certain rules 
and formulae from which the measurements of the sides and 
angles of plane and spherical triangles are detennined. 

In a plane triangle, the sides and angles are of different kinds 
with respect to measurement, and therefore the relation between 
them, and the sizes of the angles, can only be discovered by com- 
paring the sides with certain lines in a circle, on which lines the 
arcs of the circle which measure the angles, depend. 

If the circumference of a circle be divided into 360 equal parts, 
each part is called a degree, (marked thus ®) ; the 60th part of a 
degree is, a minute ( ' ) ; and that of a minute, a second ( " ). 



Let DAEB be a circle, and let two 
of its diameters, DE, and AB, be at 
right angles to one another. In the 
circumference DB, take a point T, and 
join CF. 

Then, since the circumference of a 
circle contains 860°, the quarter of it, 
or a quadrant, contains 90° ; there- 
fore DB contains 90°. And since the 
angles round any point, are equal to 
four right angles, therefore the right angle DCB, likewise contains 
90°; hence DB and the right angle DCB, measure the same ; and 
we have this proportion. 

As DB: FB :: Z.DCB: zFCB. 
But DB measures DCB 
Therefore FB measures FCB. 

Therefore any angle at the centre of a circle, contains the same 
number of degrees, as the arc subtending it. , 
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Sefilf Two arcs, whose sum is a quarter of a circle, are called 
complements of each other, thus FB is the complement of FD, 
and vice versd 

Two arcs, whose sum is a semi-circle, are called supplements of 
each other, afi FB and FA, in the figure. 



Let FDKE be a circle, and 
FK and ED, two diameters 
at right angles to one another. 
In the circumference FD take 
any point A. From A, draw 
AB perpendicular to ED. 
Join OA and produce it in- 
definitely. From A draw 
AG perpendicular to FK, 
and from D and F, draw DO, 
and FH perpendicular to OD and OF, meeting OA produced in C, 
and H. Then, with respect to the arc AD, or the angle AOD, 

AB is called the Sine. 
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Versed Sine. 
Suyersed Sine. 



In like manner AG will be the sine of the arc AF ; OG its 
cosine ; FH its tangent ; CD its cotangent, &c. 

Since FA and AD are complements of each other, and since AB 

is equal to OG, and AG to OB, we have 
AB, which is the sine of AD = GO, which is the cosine of AF, 
OB, which is the cosine of AD i= AG, which is the sine of AF, 
CD, which is the tangent of AD, is the cotangent of AF, 
FH, which is the cotangent of AD is the tangent of AF. Hence 

the following: 

The sine of an angle is equal to the cosine of its complement; 
the cosine to the sine of its complement; the tangent to the 
cotangent of its complement. 
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1. It is also manifest from this figure, that if the point A 
descends to D, the arc AD is 0, and then, 

The Sine AB = 

„ Cosine OB zz radius 

„ Tangent CD = 

„ Cotangent FH is infinite 

„ Secant OC == radius 

„ Cosecant OH is infinite 

„ Versed-sine BD = 

„ Snversed-sine EB = twice the radius. 

2. Also, if the point A be in the centre of FD, then AD = 45°, 
and it is easily seen that 

The Sine = the cosine 
„ Tangent = cotangent 
„ Secant = cosecant 

For the points C and H coincide. 

3. If the point A travel to P, then the arc AD becomes 90°, 
and its 

Sine = radius 
Cosine = O 
Tangent is infinite 
Cotangent = 
Secant is infinite 
Cosecant = radius. 

ALaEBRAICAL SlQNS OF FUNCTIONS. 

It is conventional amongst mathematicians, to speak of the four 
quadrants of the circle in fig. 1, as the 1st, 2nd, 3rd, and 4th. It 
has also been agreed that all sines measured upwards shall be + 
and downwards — ; i. e., above or below AB, and all COSines right- 
handed, + , and left-handed, — , *. e., to the right or left of DE. 

Hence, in the 1st quadrant, DB, we have sines and cosines 
both + 

In the 2nd quadrant, AD, we have sines, +, cosines, — 

In the 3rd quadrant, AE, we have sines — , cosines — 

In the 4th quadrant, EB, we have sines —, cosines + 

It can be shown by Class II that the signs of any other ftmctions, 
such as tangents and secants, may be determined from the above. 
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The Right-angled Triangle. 
Fig. 3. 

We have hitherto spoken of the 
sine, cosine, of an angle, as lines ; bnt 
in practice they are regarded not as 
lines, but as quantities ; they are, in 
fact, fractions. 

In the triangle ABC, if we take 
the sides two and two in order, 
we can form six fractions from them, 
B viz. : 

^ BO AB AC BC AC 
AC AC BC BU' AE' AB* 
Referring to fig. 2, and in it the triangle ABO, if we suppose 
the radius to be unity or 1, then instead of saying that AB 

is the sine, we may write down ^r- = -=t zz — aa the sine : 

AO radius 1 ' 

OB OB 

and, in like manner, qj = -=- would be the cosine of the 

angle AOB. 

This may be better understood thus. If we suppose CDO to be 
any triangle, and ABO similar to it, we have, by (Euc. vi. 4), 

CD: CO :: BA: AO 
or perp : hyp : : sine : radius 
then, if rad : = 1 



P^=sine 



Also, 



whence. 



^JV 



CD . ri 

or p^ iz sm 0. 



OD:OC :: OB:OA 

or base : hyp : : cosine : radius 

base . OD r\ 

r — = cosme ; or 7^7= =: cos 0. 
hyp OC 



Again, in the similar triangles, CDO and ABO, 

AB:BO :: CD: DO 

or perp : base : : tangent : radius 
whence, 

p3^ zz tangent : or =^7^ =z tan 0. 
base BO 

and so on for the other three functions, cot, sec, cosec. 
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If we carry this idea to the right angled triangle ABO, we get 
the six ratios on which the whole of the formiilaB of Trigonometry 
depend, and which should be thoroughly learnt before proceeding 
any farther ; we have 

Sine A = ?S : Cosine A = ^ 
AC AG 

Tangent A = -pg : Cotangent A = .^^ 

Ar> J3O 

AC AC 

Secant A = p= : Cosecant A = ^^ 

These six inactions are proper, improper, or yariable, AC must 
always be the longest of the three sides, hence ^t^ ^^^ -tth ^® 

represented as — 5^ ; in other words, the sine and cosine of 
^ greater 

an acute angle, are always proper fractions. 

The fractions t-k a^d «r?, are represented as ^f^ ^ ; hence the 

AB BC less 

secant and cosecant are always improper fractions. And since AB 

BC AB 

and BC may be equal or unequal, it follows that -r-^ or .5-^, i. e., 

AB BO 

the tangent and cotangent, are changeable, they may be proper or 
improper fractions. If the angle A exceeds 45^, it is easily seen 
that the tangent will be improper, and the cotangent, proper ; if 
less than 45^, the reyerse wiU be the case. 



FORMULJ3S. 



CLASS I. 

By Prop. 47 I Buc, we know, that, 

AC« = AB2, + BC« 

Dividing both sides by AC«, 

AC« _ AB2 BC2 
iC« "" AC« "^ AC2 

(1) or 1 = Cos 2A + sin ^A 
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Again dividing both sides by AB* 
AC« _ AB« BQg 
AB« "" AB« "*■ AB« 

(2) Sec «A =: 1 + tan ^A 

And dividing by BC« 

AC« _ AB« BC« 
BCs " BC« "^ BC«' 

(3) Cosec «A = Cot 2A + 1 . 
Prom (1) come the following : — 

Since (1) Sin ^A + cos «A = 1. 

.'. sin «A = 1 — cos ^A 
and sin A = ^i — cos «A 
also cos ^A z= 1 — sin «A 
and cos A = >/l — sinTA 
From (2) come the following : 

Since (2) Sec ^A = 1 + tan ^A 
/. sec A = >/l + tan ^A 
and tan «A = sec ^A — 1 
„ tan A = Vsec ^A — 1, 
From (3) we have the following: 

Since (3) Cosec «A = 1 + cot ^A 

/. cosec A = n/ 1 + cot 2A 
and cot ^A = cosec ^A — 1. 
„ cot A = Vcosec 2A — 1, 
By referring to fig. 2, we have, 

BD = DO - OB 

(4) Vers A = rad — cos A 
and EB = EO + OB 

(5) or Suvers A = rad + cos A 
Now, if radius be supposed to be 1, we have, 

(6) Vers A suvers A = (1 + cos A) (1 — cos A) 

= 1 — cos ^A = sin «A 
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CLASS 11. 



In the right angled triangle, ABC, 

TaaA = ?g 
AB 

Divide numerator and denominator by AC 

BC 

(.) The. Tan A = ^ = ^ 

AO 

Again, Cot A = ^ 

Divide numerator and denominator by AC 

AB 

(2)Th^CotA = g = ^ 

AC 
In the same way the following are proved : 

BC 

(3) Tan A = ?S = f? =: -i-, : hence tan A. cot A = 1 
^ AB AB cot A 

BC 
AC 

(4) Sec A = -j^ = --r= = r: hence sec A . cob A = 1. 

' AB AB cos a 

AC 
AC 

(5) Cosec A = «^ = =r^ = -: — T : hence cosec A . sin A = 1. 
^ BC BO sm A 

AC 



CLASS III. 

Since in the triangle ABC, the angle B = 90° ."• A + C = 90' 
(I. Enc. 32) .-. C = (90° - A) 

And sin A = 5^ =z cos C = cos (90° - A) 
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AH 

„ tan A = ^ = cot C = cot (90° — A) 

I'D 

„ cot A = |^z=taiiC=taii(90° — A) 

AC 
„ iec A = — = oosec C = oosec (90** — A) 

AC 
„C(wec A = ^ = 8ecC = 8ec(90— A) 

These fonmilas Terify the remarks upon the cirde (fig. 2), viz., 
that " the sine of an an^ is equal to the cosine of its oomple- 



CLASS IV. 



COMPOUITD AnTGLES. 



To prove 

(1) 

(2) 
(8) 
(4) 



Sin A + B = sinA.cosB + cosAsinB 
Cos (A + B) = cos A cos B — sin A sin B 
Sin (A — B) = sin A . cos B — cos A sin B 
Cos ( A — B) = cos A . cos B + sin A sin B 

Fig. 4. 




Lot the angle AOB = A, (/.e., contain A°) and the angle 
ACl) = B; then the whole angle DOB = (A + B). 
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Constructum. 

In CD take a point B : from E draw EH perpendicular to CB, 
and EE perpendicular to CA. From F draw EG perpendicular to 
OB, and EK paraUel to CB. 

Proof. 

To prove that the angle KEF = ACB = A° 

•/ KE is parallel to CG 
.-. Z, KEC = L ECG 
Agam, •.• EEC = 90° 

.-. EEK + KEC = 90° 
Also, •/ EKE = 90° 

/. KEF + KEE = 90° (Buc. I - 32) 
.-. KEF + KEE = EEK + KEC 

Omit EEK 
.-. KEF = KEC zz A 

Q,T, (H I Tl^ - HE _ HK + KE _ FG + KE 
Sm (A + B) -^ ^ ^ 

EG KE 
EC "*■ EC 

Multiply num' and den^ of the 1st fraction by OF 

and of the 2nd „ „ EE 
Then, 
Q- /A , T>\ EG . EC , KE . EE 

or Sin (A + B) = sin A : COS B + COS A . sin B 
Again, 

P.a ^A _L PN - CH _ CG - GH _ OG-KP_CG KE 
1.0S ^A + 15J - ^ - — ^^— - gg— -CE^OE 

Multiply num' and denT of the 1st fraction by OF 

and of the 2nd „ „ EE 
Then, 
r<^« /A t ry\ CG , OF FK . FE 

=: Cos A . cos B — sin A sin B 



To prove the value of sin A — B. 
Since Sin A = cos (90 — A) 
For A write A — B 
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Then, 

Sin (A-B)=:co8 (90- J =B) 

=cos(90-A+B) 

=cos (90— A) cos B— sin (90— A) sin B 
.•. Sin (A— B)=sin A . cos B— cos A . sin B 

To prove the value of Cos (A— B) 

Since Cos A = sin (90 — A) 
For A write A — B) 
Then, 



Cos (A-B)= sin (90-A-B) 
= sin(90— A+B) 

= sin (90— A) cos B + cos (90— A) sin B 
.'.Cos(A— B)=cosA.cosB + sinA.sinB 

By means of these four formulae, the values of several compound 
angles may be determined. 

^ (5) To prove sin (180 — A) zz sin A 

(6) and cos (180 — A) = — cos A 
Expanding^first by formula (8) 

Since sin (B — A) = sin B cos A — cos B . sin A 

For B write 180°. 

Then sin (180 — A) = sin 180 cos A — cos 180 sin A 

But by referring to the circle, it will be seen that sin 180° = 0, 
and cos 180° = — 1 

Therefore sin (180 — A) =:= x cos A — (— 1) sin A 

or sin (180 — A) = sin A 
Again, expanding by (4) 

Cos (B — A) = cos B cos A + sin B sin A 

For B write 180° 

Then cos (180 — A) = cos 180 cos A + sin 180 sin A 

= — 1 xcosA + OxsinA 

or cos (180 — A) = — cos A 

(7) Find a value for sin (270 — A) 

By (3), sin (270 — A) iz sm 270 cos A — cos 270 sin A 
But sin 270 = — 1, and cos 270 = 
Therefore sin (270 — A) = — cos A 
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(8) Show that sin (90 + A) = cos A 

By (1), sin (90 + A) = sin 90 cos A + cos 90 sin A 
But sin 90 = 1, and cos 90 = O 
Therefore sin (90 + A) = cos A. 

(9) Prove that sin (—A) = — sin A 

By (3), sin (B — A) = sin B cos A — cos B sin A 

For B write 

Then sin (—A) =z sin cos A — cos sin A 
But sin = 0, and cos = 1 
Therefore sin (—A) = — sin A 

(10) Find a value for cos ( — A) 

By (4), cos (B — A) = cos B cos A + sin B sin A 

For B write 
Then cos (—A) = cos cos A + sin sin A 
or, cos (—A) = cos A 

/t-i\m J. /AiT>\ tan A + tan B 

(11) Toprovetan(A + B) = j-^^^-^^ 

By Class II — (1) 

rv /A . T>\ sin(A + B) _sinAcosB + cosAsinB 

Tan (A+B) = ;. , p( = r « k r> 

^ cos(A + B) cosAcosB— sinAsmB 

Divide numerator and denominator by cos A cos B 

Then, 

sinAcosB cosAsinB sinA , sinB 

m^/A I T>\ cosAcosB cosAcosB cosA cosB 

Tan (A+B) = j = ; — . . p = ; — r — r T* 

cos A cos B _ sm A sm B ^ _ sm A . sm B 

cosAcosB cos A cos B cos A. cos B 

_tanA + tanB 



1 — tanAtanB 
In like manner, 

(12) Tan (A - B) = ^554^1^!^^ 
^ ^ ^ ^ 1 + tanAtanB 

(13) Toshow that sin (A + B) + sin(A — B) = 2 sin Acos B 

(14) sin (A + B) - sin (A - B) = 2cosAsinB 

(15) cos (A + B) + cos(A — B) = 2 cos A cosB 

(16) cos(A + B) - cos(A - B) = - 2sin AsinB 

By (1), sin (A + B) = Bin AcosB + cos AsinB 
„ (3), sin(A-- B) =zsin A cos B -- cos A sin B 
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Adding, sin (A + B) + sin(A — B) = 2sinAcosB 
Subtracting, sin (A + B) — sin (A — B) = 2 cos A sin B 

By (2), cos(A + B) = cosAco8B — sin Asin B 
„ (4), cos (A — B) z: cos Acos B + sin A sin B 

Adding, cos(A + B) + cos(A — B) = 2 cos AcosB 
Subtracting, cos (A + B) — cos(A — B) = — 2sinAsinB 

(17) Toshowthat sin A + sinB = 2 sini(A + B)cosi (A — B) 

(18) sin A - sinB = 2 cosi (A + B) sinj (A - B) 

(19) cos A + cosB = 2cosi(A + B)cosi(A — B) 

(20) cos A — cos B = — 2 sin i (A+ B) sin i (A— B) 

= 2 sin i (B + A) sin i (B - A) 

The greater. A, of any two quantities A, and B, is equal to half 
their sum added to half their difference : and the less, B, is equal 
to half their sum minus half their difference, therefore, 

A = {i(A + B) + i(A-B)} 
and B = {i(A + B)-i(A-B)| 
therefore, sin A= sin I J (A + B) + i(A— B)l 

andsinB=zsin|i(A + B)-i(A-B)l 

expanding the 1st, by (1) 
and the 2nd, by (3) 

sinA = sini(A+B)cosJ(A— B) + cosJ(A+B)sinJ(A— B) 
sin B = sin i (A+ B) cos i (A-B) - cos | (A+ B) sin | (A-B) 

Adding, 
smA + sinB = 2sini(A+B)cos J(A— B) 

Subtracting, 
sin A - sinB =z 2 cosi(A+B) sinj (A-B) 

In like manner, 

cosA = cos|i(A+B) + i(A-B)l 

cosB = cosj i (A+B)-i (A-B) I 

expanding the 1st, by (2) 
and the 2nd, by (4) 
cos A = cos i (A+ B) cos i (A-B) - sin i (A+ B) sin i (A-B) 
cosB = cosi(A+B)cosi(A-B) + sin|(A+B)sini(A-B) 
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Adding, 
COS A + COS B = 2 COS i (A+ B) cos i (A— B), 

Subtracting, 
cos A — cosB = — 2sini(A+B)sini(A— B) 

Or, as it is more generally used, to avoid the negative sign, 
cos A — cosB = 2 sini(B+A) sini(B— A) 

(21) To prove, ^!^f + ^!^g = ;^fif + g) 
^ ^ sm A — sm B tan ^ (A — B) 

(22) sinA + sinB ^ ^^ ^ ^^ 3^ 
^ ^ cos A + cosB ^ ^ ' 

(23) sinA-sinB^ ^ i (A - B) 
^ ^ cos A + cos B ^ ^ ^ 

By (17) and (18), 

sin A + sin B _ 2 sin ^ (A + B) . cos j (A — B) 

sin A - sin B "" 2 cos H^ + B) sin i (A - B) 

= tan i (A + B) . Cot ^ (A - B) 

_ tan I (A + B) 

~ tan i (A — B) 

By (17) and (19), 

sin A + sin B _. 2 sin ^ (A + B) cos |^ (A — B) 

cos A + cosB 2 cos ^ (A + B) cos^ (A — B) 

= tan ^ (A + B). 

By (18) and (19), 

s in A - sin B _ 2 cos ^ (A + B) sin j (A - B) 

cos A + cos B 2 cos i (A + B) cos ^ (A — B) 

= tan i (A - B) 

(24) To show that tan (45° + A) = ^ [j^^^^ 

By (11), 

tan (B + A) = ^^^ B + tan A 
^ ^^ 1- tan B tan A 

For B write 45° 

then tan (45° + A) = tan45 + tanA 

^ 1 — tan 45 . tan A 

But by referring to the circle, we find tan 45° = radius or 1 

therefore tan (45 + A) = \'^^^\ 
^ ^ 1 — tan A 

In like manner, 

(25) taa (45 - A) = [-=^. 
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CLASS V. 

Formula depending upon those in the last Class. 

(1) Sin 2 A = 2 sin A cos A 

(2) Cos 2 A = cos «A — sin ^A 

(3) Cos 2 A = 2 cos 2A — 1. 

(4) Cos 2 A =z 1 — 2 sin ^A. 

By (1) in last class, 

sin (A + B) = sin A cos B + cos A sin B 

For B write A, then, 
sin (A + A) = sin A cos A + cos A sin A 
or sin 2 A zi 2 sin A cos A 
and sin A =: 2 sin ^ A . cos ^ A 

By (2), 

cos (A + B) = cos A cos B — sin A sin B 

For B write A, then, 
cos ( A + A) = cos A cos A — sin A . sin A 
or cos 2 A = cos *A — sin ^A 

But by aass I, (1), 

cos 2A = 1 — sin «A 
.-. cos 2 A = (1 — sin ^A) — sin ^A 
= 1 — 2 sin «A 

And by the same, 

sin 2A = 1 — cos ^A 
therefore cos 2 A = cos ^A — (1 — cos ^A) 

= cos 2A — 1 + cos ^A 
or cos 2 A =1 2 cos ^A — 1. 
To prove (5) sin 3 A = 3 sin A — 4 sin ^A 

(6) cos 3 A = 4 cos ^A — 3 cos A 
By (1) in last class, 

sin (A + B) =: sin A cos B + cos A sin B 

For B write 2 A 
then sin 3 A = sin A cos 2 A + cos A sin 2 A 
But (4) cos 2 A = (1 -rr 2 sin «A) 
and (1) sin 2 A = 2 sin A cos A 

therefore sin 3 A = sin A. (1 — 2 sin^A) +cos A . (2 sin A cos A) 

iz sin A — 2sin3A + 2sinAcos ^A 
= sinA — 2sin»A + 2sinA.(l — sin^A) 
=: sin A — 2 sin 'A + 2 sin A — 2 sin »A 
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or sin 3 A = 3 sin A — 4 sin » A 
Again by (2) in last class, 

Cos (A + B) = cos A cos B — sin A sin B 

For B write 2 A 
then cos 3 A = cosAcos2A — sinAsin2A 
But (3), cos 2 A = 2cos2A — 1 
and (1), sin 2 A = 2 sin Acos A 

therefore cos 3 A = cos A (2 cos ^A — 1) — sin A(2 sin A cos A) 

= 2 cos ^A — cos A — 2 sin^Acos A 
But sin 2A = 1 — cos « A 

= 2 cos *A — cos A — 2 cos A (1 — cos ^A) 
n 2 cos * A — cos A — 2 cos A -f 2 cos * A 
therefore cos 3 A = 4 cos ^A — 3 cos A 

(7) Toshowtan2A = |i?^A^ 
^ 1 — tan^A 

By (11) in last class, 

Tan (A + B) = 5^A±t!EB 

1 — tan A . tan B 

For B, write A, then, 

Tan 2 A = tan A + tan A 
1 — tan A tan A 
— 2 tan A 
~ 1 — tan 2A 

(8) To show that 1 + cos A = 2 cos ^^A 

(9) and 1 — cos A = 2 sin ^^A 

By class I, (1), 

1 = cos 2A -h sin ^A 
and (2) cos 2 A ~ cos ^A — sin ^A 

Adding, 1 -f cos 2 A = 2 cos ^A 
Subiiacting, 1 —' cos 2 A = 2 sin ^A 

writing ^A for A, in each, 
1 -f cos A = 2 cos 2^A 
1 — cos A = 2 sin ^^A. 

From these, it is manifest that, 

l-cosA _2sin«|A_t^^^ 
1 + cos A 2 COB «iA ' 
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CLASS VI. 



Values op certain Angles. 

To show that, 

(1) Sin 0^ = ; (2) sin 30^ = i; (3) sin 45^ = ^^"2 

(4) Sin 60° = i>/T: (5) sin 90*=^ = 1 ; (6) sin 180° = 

(1) Sin 0° = 
Since sin (A — B) = sin A . cos B — cos A . sin B 

For B write A 
then sin (A — A) = sin A cos A — cos A sin A 

(1) Or sin 0° = 0. 

(2) 

Fig. 5. 



sin 30° = i 



Let ABC be an equilateral triangle. 
Bisect the angle ACB by CD (Euc. 
I, 9) which will bisect AB in D (Enc. 
1,4). 

Then since the three angles of 
every triangle are together equal to 
two right angles (180°) (Euc. I, 32): 
and since the angles of an equilateral 
triangle are equal, therefore each 
^ angle is 60°. 

Therefore ACB = 60° : or ACD which is its half, (construc- 
tion) = 30°. 

Again, since AB is bisected in D, therefore AD = ^ AB zz 
i AC, and 

SinACD = ^ = ^ = i. 




Another Proof. 
Since sin 2A = 2 sin A . cos A 



Then sin 60° 
But since cos A 
therefore cos 30 

hence sin 60° 



For A write 30°. 
2 sin 30° cos 30°. 
sin (90 — A) 
sin 60° 
2 sin 30° . sin 60° 
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Dividing by sin 60° 
1 = 2 sin 30° 
and i = sin 30°. 

(3) Sin45°z=i>/1 

Since sin ^A-f cos ^A = 1. 

For A write 45°. 
Then sin «45° + cos ^45° = 1. 

Bnt by referring to the circle ; when the arc is 45°, its sin and 
cos are equal to each other, 

Therefore sin 245° -f sin ^45° = 1 

or 2 sin ^45 = 1. 
sin 245 = i. 

and sin 45° =s/~^ 



Bnt 



* ^ VI " V 2 - V"2.>/2"">/l - "T " * 

(4) Sin 60° = i>/"3 
Since sin ^A + cos ^A = 1 

For A write 60° 
Then sin ^60° + cos ^60° = 1. 
But cos 60° = sin 30° = i 
therefore cos 260 = sin ^30° = J. 
hence sin ^60 + i = 1 
or sin ^60° =: } 
and sin 60° = V^ 

(5) Sin 90° = 1 

Since sin 2A = 2 sin A . cos A 

For A write 45°, then, 
Sin 90° = 2 sin 45° . cos 45° 
But sin 45° = cos 45° = i>/ 2 
therefore sin 90 = 2 x i>/*2 x ^•^'2 

= 2 X i X 2 
or sin 90° = 1. 

(6) Sin 180° = 0. 

Since sin A = sin (180 — A) 

For A write 180°, then, 
Sin 180° = sin 0° = 0. 

B 
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Haying determined the yalnes of these sines, their cosines may 
be deduced from this fonnula. 

Cos A = V 1 — sin^A • • • (Class I) 

Thus, 

(7) CosO^= > /l-8ingO = n/ 1-0 =z 1. ^ 

(8) Cos 30 = >/ i-sing3 = >/ j^-i=js/'j = i V 3 

(9) Cos 60°= Vi -sin 260 = n/ 1 - (^^^"3) « 

Or otherwise, 
Cos 60°= sin (90° - 60°) = sin 30° = i- 

(10) Cos 90= Vi- sin 290 = VT^^ = 0. 

But (11) Cos 180° = sin (90 - 180°) = sin ( - 90°) 

= -sin90° 
= — 1. 

The values of tangents may be thus obtained : 

TanA = ^ 
cos A 



i.e., 



12) Tan 0° = ^iB^ =^= 0. 

cos 0° 1 

13) Tan 30 _ ^ g^o -|;^- ;;^ _ -^ _ y V 3. 

U) Tan 45° = ^iB^g = '^l = 1. 

COS 45° sm 45 

15) Tan 60° = EL^ = tfl =^. 
^ cos 60° ^ ^ **• 

^«) Tan 90° = !E|^^^ 

17) Tan 180° = ^^^^^ =-^= 0. 

COS 180° — 1 

18) Again, 
Sec A = ^ 



cos A' 

hence sec 60° = — 3L. = } = 2 

cos 60° i 
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CLASS VII. 



Plane Triangles. 

(1) To prove that, 
The Bides of a plane triangle, are to each other as the sines of their 
opposite angles. 




Let ABC he a plane triangle : from C draw CD at right angles 
to AB. Call the sides, opposite their respective angles, a, b, c. 

Then, in the triangle ADC, 

SinA = 5£ = ^C 



In iihe triangle DOB 



AC 



DC 



Therefore 



SinB = gg = 
Sin A DC 



DC 
a 

a 






a 
T 



SinB h ^ 'HG 
Or Sin A : sin B : : a : h, 

(2) In any plane triangle, as the sum of any two sides is to 
their dijfference, so is the tangent of half the sum of the opposite 
angles, to the tangent of half their difference. 

From the preceding, we have, 

a^_ sin A 
J ~ sin B * 

Add 1 to both sides, 

then ?.+ 1 = ^ + 1. 
sm B 



or 



a -h J _ sin A -f sin B ^^ v 
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Subtracting 1 from both sides, 
sin A 
sin B 
a — &_sinA — sinB 



f-'= 



— 1. 



.. . . (2.) 



a + b 



or 



a — b 
a + b 
a ^ h 



sin B 
Dividing (1) by (2) 
sin A + sin B ^ 

. sinB 
sin A + sin B 



sinB 



sin A — sin B 



sin A — sin B 
But by Class IV. 21, 
Sin A + sin B _ tan ^ (A + B) 
Sin A — sin B tan i (A — B) 
therefore (a -f &) : (a — &) : : tan i (A + B) : tan i (A — B) 
(3) In any plane triangle, to find an expression for the cosine 
of one of its angles, in terms of the three sides ; or in the triangle 
ABO, to prove, 

&2 4- c2 — «« 



CosA = 



2 he 




1st. When angle A, is acute. 

Let ABO be a plane triangle, whose sides are a, &,(?, respectively. 
From 0, draw OD at right angles to AB, 

Then by (Euc. II. XIII), 

B02 = BA2 + A02 - 2 BA . AD 
ora2 = c2-hi^ — 2c. AD. 
But AD = AO cos A 

= i& . COB A 

therefore 02 — ^84. &« — 2cicosA 
or2iccosA=r&2^c2_^ 

i2 4. c2 — a8 



and cos A = 



2bc, 
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2nd. When angle A is obtnse. 
Fig. 8. 




By (Euc. II. XII), 

BC« = BA« + AO + 2 BA . AD 

or a2 = c« + i« + 2 c . AD 

But AD = AC . cos CAD 

= J . cos CAD 

and cos CAD = — cos CAB 

= — cos A 

therefore AD = — J . cos A 

and «« = c^ + J2 — 2 Jc cos A 

or 2 Jc cos A = J« + c« — a« 

, . &« -f c« — a^ 

and cos A = ^tt • 

2 oc 

(4) To find the cosine of half an angle in terms of the sides ; or 
to prove, 

A 



Cos 



t=y^ 



be 
_ J« + c« — a« 



Since cos A = ^^ 

2bc 

Add 1 to both sides, then, 

1 + cos A = 1 + jr-T 

_^' 2bc + h^ + d^ — a^ 
"" 2bc 

_ (b •\' cf — a^ 
"" 2bc 

_ {b -^ c + a)(b + c — a) 
~ 2bc 



^ 
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Letb + c + a=z 28 

Then taking 2 a from both sides, 
J + c — a = 2S — 2a=2(S — a) 

therefore 1 + cos A = ^ S . 2 (S - g) 

2hc 

But 1 + COB A = 2 cos 2^ A (Gass V. 8) 

hence 2 cos ^i A = H-^4-^-=-^ 
* 2&C 



andcosiA= /1I(|ES 



(5) To find the sine of half an angle in terms of the sides ; or to 
prove, 

Sin 



;iniA= /TSEIpEEI) 

Since cos A = ^li-4^li? 

2 be 

Subtract both sides from 1, then, 
1- cosA = l-(^*! + ^Zl^^ 

_ 25g— 5g — gg-h gg 

^ 2&C 

_a2 — J2_c24.2&c 



22^ e; 

_ gg — (&g + gg — 2&c) 
2&(; 

_ gg — (& — g)8 

2^c 

_ (^ + ^ — g) (fl? — ^ + g) 
2ftc 

As before, if(& + c + g)=:2S 

then, „ (a + * — =z 2 (S — c) 
and „ (g + c — *) = 2 (S — J) 

therefore 1 « cos A ^ ^ ( S -.)2(S^ &) 

2i^(; 
But 1 —cos A = 2 sing i A (Class V. 9) 
hence2singJA=i(ill^k2^S-.) 
* 2bc 

whence sin i A = / (8 - g>) (S -^ 
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M 



t, that since 



I A 

1 A 

2 "^ 



y- 



( s - ^^) (S - c) 

he 



(S-a) 



/ (S - b) (s -7) 

" V S . (S - a) 



be 



' ■: the sine of an angle in terms of the sides, or 

_ 2 >/S.(S-a)(S-&)({S^ 

' be 

2 A = 2 sin A . cos A (Class V. 1). 

Mn A = 2 sin i A cos i A 

(S - ^) (S - c) ^ / S(S-g) 

be s/ be 



-/ 



, ws.(8-»>(a->)(S-.) 

' last four expressions, viz., (4), (5), (6), (7), being composed 
* ]>roduct8," are adapted to logarithmic computation, since the 
.tiplication of quantities is performed, by the addition of their 

.rarithms, and diyision by the difference. 

(8) Expressions for the area of a triangle. 

Let ABO be a plane triangle, 
whose sides are a, b^ <?: it is re- 
quired to find expressions for its 
area. 

Prom C, draw CD at right angles 
to AB; then, since the area of a 
triangle is equal to half its base, 
multiplied by the perpendicular on 
the base from the opposite angle, therefore, 

The area of ABC = ^c x CD. 
But€D = *.sin A 
Hence area = J J c . sin A (I) 
or, when two sides and their included angle are known, the area 
may be found, by multiplying half the product of the sides, by the 
sine of the angle. 

* Note. — The area of a rectangle is found by mnltiplying two adjacent 
sides together : therefore the area of the triangle formed by drawing the 
diameter of the rectangle, wiU be half that of the rectangle, or i base X 
perpendicular. 
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But Bin A = l:^MSr:4(s-*mni) 

he 
Substituting this, in (I), we have, 

Area = i Jc X i^i^lIIlH^ISEillEI) 
^ he 

or, Area = s/ S. (S - «) (S - h) (S - c), (II), 
where S, is half the sum of the three sides. 
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Miscellaneous Formula. 

To ^ow thai, 

Sin «A — sin 2B zi sin (A + B) . sin (A - B) • 

Shi 2A — sm 2B z= sm«A — sm^A . sm«B + srQ«Asin2B — sin«B 

= sin^A. (1 — sin«B) - sin^B. (1 - sin«A) 
or, 

sin «A— sin 2B=8in «A cos *B— cos *A sin «B 

=z (sin A cos B + cos A sin B) (sin A cos B— cos A Bin B) 

=sin(A+B).sm(A-B) 

Or, by another method, 
sin «A— sin «B= (sin A + sin B) . (sin A— sin B) 

=2sini(A+B)cosi(A-B).2cosi.(A+B)sini(A-B) 
=2 sini (A+*B)cosi (A+B) . 2 sini (*A-.B) cosi (A-B) 
=»sin (A+B) . •sin (A-B) 

* Smce the sine of any angle is equal to twice the sine of its half, 
multiplied by the cosme of its half; . . . ^., sin A = 2 sin ^ A 
cos^ A. 

Again, to prove, 

cos 2A — cos«B = sin (B + A) Bm(B — A) 
= cos*A — cos^Acos^B + cos^Aoos^B — eos^B 
= cos«A(l — cos^B) — cos2B(l — cos^A) 
= cos*A . sin^B — cos ^B sin ^A 
or, zisin^Bcos^A — cos^B.sin^A 

= (sinBcosA + cosBsinA)(sinBcosA — cosBsinA) 
= sin(B + A).sin(B-A) 
or, 1= — sin (A + B) . sin (A — B) 
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Definitions. 

1. A plane snr&ce is that in which any two points being taken, 
the line joining those points lies wholly in that snrface. 

2. A straight line is said to be at right angles to a plane, when 
it makes right angles with every line which meets it in that plane. 

3. The inclination of a plane to a plane, is the acute angle con- 
tained by two straight lines drawn perpendicular to their common 
section from the same point in the section, one in the one plane, 
and the other in the other plane. 

4. A solid angle is formed by the meeting in one point of more 
than two plane angles. 

5. A sphere is a solid figure whose diameters are all equal ; it 
may be conceived to be generated by the revolution of a semi- 
circle about its diameter. 

6. A great circle is one drawn upon the surface of a sphere 
dividing it into two equal parts. 

7. A less circle is one drawn upon the surface of a sphere, but 
not dividing the sphere into two equal parts. 

8. A spherical triangle is formed on the surfiice of a sphere, by 
the arcs of three great circles intersecting each other. 

9. The pole of a circle is a point on the surface of a sphere on 
which the circle is drawn, everywhere equidistant from its circum- 
ference. 

10. The centre of every great circle is the centre of the sphere 
on which the circle is drawn. 

11. All great circles bisect one another. 
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PropoHtton I. 
Every section of a sphere, made by a plane, is a circle. 

Fig. 10. 

Let the sphere BFD be cnt through 

in one direction by the plane surface 
BODE, then the section of the sphere 
thus exposed will be a circle. 

1st. If the section passes through 
the centre C of the sphere, then it 
is manifest that the surface forms a 
plane figure, eyery point of whose 
edge is equally distant &om the 
centre C, and the figure must 
therefore be a circle. (Def. 5). 

2nd. But if the plane does not pass through the centre of the 
sphere, let it pass otherwise, b& BD. 

Join BD. Find C the centre of the sphere. Draw CA perpen- 
dicular to BD. In the circumference BD, of the section, take a 
point E. Jom CE and CB. 

Then the line CA being at right angles to BD, it is also at right 
angles to AE, and to every line in that plane, drawn from A. 
(Def. 2). Hence GAB, and CAE are two right angled triangles, 
and by Euc. I, 47, 

CE« = CA2 + A]e>» 
Also CB« n CA« + AB^ 

But since the diameters of a sphere are all equal (Def. 5), there- 
fore the radii, (halves of the diameters), GE and GB are equal; and 
CE* = CB«, hence, in the above, 

CA* + AB« =: GA2 + AB« 
whence AE* = AB« 
and AE = AB. 

In like manner, by taking other points in the circumference of 
the section, it could be shown that they would be equidistant from 
A : hence the figure is a drde. 
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Preposition II. 

The angle at the pole of a great circle is measured by the arc 
which subtends it 



Let BC be an arc of a great 
circle, whose pole is P, and let 
PB and PC be the arcs of two 
great circles passing through P. 
Then the angle BPC is mea- 
sured by the arc BC. 

Find D the centre of the 
sphere on which the circles are 
drawn, and join DP, DB, DO. 

Then since the angles BDC and BPC, both measure, the incli- 
nation of the planes BDP and PDC, therefore the angle BDC = 
the angle BPC. 

Btlt since D is the centre of the circle BC, (Def. 10), therefore 
the angle at D is measured by BC (fig 1). Therefore the angle 
BPC is also measured by BC. 




FosinTUB. 

(1) To find the cosine of an angle of a spherical triangle, in 
terms of the cosines of the sides, or to prove, that, 

cos a — cos J . cos (J 



CosA = 

Fig. 12. 



sin i^ . sin 6 



LetABCbeasphe- 
rical triangle, whose 
sides are a,5,^. Find 
0, the centre of the 
sphere. Join A, OB, 
00. 

Then three planes 
are formed, viz., 00 A, 
BOA, COB. In the 
common section 00, 

take a point P. From P draw PD perpendicular to OA. From 

D erect DE perpendicular to OA ; and join PE. 




" 
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Then the solid angle at Ib composed of three plane angles, 
which are measnred by the opposite arcs, a, b, c, respectively. Then 
by referring to Plane Trigonometry, (3), Class VII.^ it will be 
seen that. 

In the triangles POE, PDE, 

PE« = P0« + 0B« — 2 PO . OE . cos POE 
PE« = PD« + DE« — 2 PD . DE . cos PDE 

But POE is measured by a ; 

and PDE measures the same inclination as A; therefore, 
PE« = P0« + 0E2 — 2 PO . OE . cos a . (1) 
PE« = PD« + DE« — 2PD.DE.cosA. (2) 

Subtracting (2) from (1), 
0=P0«— PD« + 0E« — DE«— 2 PO . OE cos a+ 2 PDDE coe A 
Now, since PDO is a right angle, 

P02 = PD« -f DO* (Euc. I, 47) 
and P0« - PD* = OD* 

In a similar manner, since ODE is a right angle^ therefore, 

0E2 = OD* + DE« 
and OE* — DE« = OD* 

Substituting these, we have, 

O = 0D« -f OD* — 2P0 .OEcos« + 2 PD. DEcosA. 
= 2 OD* — 2 PO . OEcosa + 2 PD . DEcos A 
= 2 OD . OD — 2 PO . OEcosa + 2 PD . DEcos A 

transposing, 

2 PO.OEcosa = 2 OD. OD + 2 PDDE, cos A 

and dividing by 2 PO . OE, 

uos a — 7ns — Tr^:^ + w?7c — srrfs . COS A. 
OP .OE PO. OE 

Remembering that ODP and ODE are right angles, and that 
POD and DOE are respectively measured by &, and ^, we have, 

Oos a = cos ^ . cos + sin i . sin (; . cos A 

whence, 

Cos a -* cos ^ cos (; = sin h sin c oos A. 

and 

Cos flf — cos J cos c _ * 

=p =; i — GOS^* 

Sm ,B>v£ic 
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(2) To find a valne for the cosine of half an angle, or to prove 
that, 

^ V sm ^ . sm e; 

a;^^^ «rx« A — cos a — cos & . cos c 
iSince cos A = ; — = — : 

sm ^ . sm c 
Add 1 to both sides then, 

1 I ^.v- A ^ 1 , cos a — cos & . cos c 
1 + cos A = 1 + . - . 

sm sin c 
_ sin 6 sin g + cos g — cos & cos c 
~ sin ft sin c 

Writing this in order, we have, 

1 I «^„ A — cos flf — cos ft cos (J + sin ft sin c 

1 + cos A = ; — =— 

sin ft sm <; 
Bracketing the last terms, 

_ cos g — (cos ft cos g — sin ft sin c) 
"" sin ft sin g 

_ cos <g — cos (ft -h g) 
~ sin ft . sin g 

_ 2 sin ^ (ft -h g -h g) . sin ^ (ft + g — g) 
"" sin ft sin g 

Let i (ft + g + «) = S 
then i (ft + c — a = (S — a) 
and 1 +cosA=2cos2^A 

hence, 2 COB H A = l?>i^^-|^^S-^ 

sm ft sm g 

andco8iA= / sin S . Bm(S - g 

V sm ft . sm g 

(3). To find the sine of half an angle, in terms of the sides, or 
to prove, that, 

lmiA= /Bin(S-.^)sin(S-c) 
V sm ft sm g 

Again, since 

Cob a — cos g — cos ft . cos g 

sin ft sin g 

Subtract both sides from 1, 

then 1 - cos A = 1 - /cos« - oof &co8g\ 

\ Bin sm c / 



Sin 
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_ sin ft sin c — COB g + COS ft COS g 
~ sin ft sin c 

_ cos ft cos g + sin ft sin c — cos g 
~ sinftsinc 

— OQS ( ^ "^ "^ cos <g 
"~ sin ft sin g 

_ 2 sin -j^ (fl? + ft — g) sin -j^ (g + g — ft) 

sin ft sin g' 

Then if i (ft + g + a) =z S, 

I (a + ft — g) = (S — g) 
and i (g + g — ft) = (S — ft) 
and 1 — cos A = 2 sin 2^ A 

therefor^, 

2 sin 24 A = 2 sin (S - ft) sin (S - c) 

sin ft sin g 



or ski A = f^WER^WZI} 

V sin ft . sm g 

(4)ToproTetaniA= / sin (S ■- ft) (sm S^) 
^ ^ ^ ^ V sm 8 . sm (S — a) 

Since 

TaniA = £544. 
cos -J A 

and, 

SiniAzz / si^(S"^)sin(S-g) 

V sin ft sing 

also, 

<3osiA= /8i^S.8m(S-a) 

V smft.smg 

therefore. 



sin(S-~ft)sin(S-g) 

TaniA- / sinft.sing _ / Bin(S-ft)sin(S-g) 

±antA- y sin S . sin (S~g) "" / sin S . sin (S-a) 

sinft.sing 

(5) To proye. 



Sin A — ^>/sin S. &in (S — a) sin (8 — ft) sin (S -- e) 
"" sin ft. sing 
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Sinoe 
Sin A = 2 Bin ^ A . cos ^ A 

_ 2 / sin (S— 5) . sin (S-^ / sin S . sin (S— a) 
~ V sinft.sinc v sinftsinc 

therefore, 

gjjj A __ 2 >/ sin S . sin (S— g) sin (S— &) sin (S— c ) 
"" sin &. sine 

(6) In any spherical triangle the sines of the sides are to one 
another, as the sines of their opposite angles ; or . 

Sin a : sin & : : sin A : sin B 

By last formnla, 

Sin A — ^ v^ sin S . sin (S — a) sin (S — &) . sin (S -^^ 
"" sin ft. sine 

In like manner, 

SinB — ^^^s^^S.Bin(S— ft)sin(S — a)sin(S — g) 
"" sinasint? 

Let the two numerators (which are the same) be called N, then, 



SinA= . ^. 

sm ft sm c 



andsinBz: -r 



N 



therefore. 

Sin A 



N 



sm aBiRc 
sin a sin e sin a 



Sin B sin ft sin (; N sin ft 

or, sin 6( : sin ft : : sin A : sin B 



(7) 



The Polab Triangle. 



Fig. 13. 



Let ABC be any spherical 
triangle. Take A as a centre, 
and with a radius of 90°, describe 
the arc B' C. In like manner, 
with B, and G as centres and 
distances of 90° describe the arcs 
A C, and A B'. Then the tri- 
angle A B' G is called the 
" polar " or " supplemental " 
M^^ triangle. 

It is called the ^^polar" tri- 
angle,' because, as we shall prove, its three angular points are the 
poles of the sides opposite in the inner triangle. 
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It is called the '' snpplemental" triangle becanse each angle 
is the supplement of the opposite side of the other triangle, and 
its sides are supplements of tiie angles of the other triangle. 

We have to prove three things, 

1st. — The angular points of the polar triangle are the poles of 
the sides of the other triangle. 

2nd. — The sides of the polar triangle are the supplements of the 
angles of the other. 

3rd. — ^The angles of the polar triangle are the supplements of the 
sides of the other. 

1st. — ^To prove A' the pole of BC. 

Because B is the pole of A' C (construct" ) 

Therefore BH is a quadrant 

Because is the pole of A' B' 

Therefore CG is a quadrant. 
Therefore from B and C two arcs each measuring a quadrant are 
drawn towards A, therefore A' is the pole of BC. 

2nd.— To prove B' C = (180 — A) 

B'0' = B'M + MC 

= B'M + C'L-LM 

= 90 + 90 — A 

For LM measures A . . . (Prop. II) 

Therefore B' C = (180 - A) 

3rd. To prove that BC = (180 — A) 

KN = KO + CN 

= KC + NB - BC 
= 90 + 90 - BC 
But KN" measures A' (Prop. II) 
therefore A = 180 — BC. 

(8) Napier*s Analogies. 

' 1st Analogy. 

Tan i (A + B) = £2!iill^. cot ^ . 

■ Since COS c = £2i£;:ii^±52!i 

sm a Sin & 
Therefore, 

sin a sia & cos c == cos c — cos a cos h . 

and cos c = cos ft cos ft + sin a sin ft cos C 



Again, cob A = 
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COB a — COS ft COS c 



Bin b sine 

but cos c = cos flf COS ft + sin a sin ft cos 

i-v , * * _ cos a — cos ft . ( cos a cos ft + sin g sin ft cos C) 

tncrcxorc cos A. nz -, 

sm . BUiC 

__ cos g— cos a cos ^ft— sin g sin ft cos ft . cos 

"~ sin ft . sin c 

_ cos a (1 —cos gft)— sin a sin ft cos ft . cos C 

"" sin ft sin c 

_ cos a . sin ^ft— sin g sin ft cos ft . cos C 

"" sinftsinc 

Divide num^ and denT by sin ft, then, 

A cos a sin ft— sin a cos ft . cos C ^ >. 

cos A = ; (a) 

smc 

For A write B, and for B write A, then, 

«^« -D cos ft . sin a— sin ft cos a cos C ^^. 

cos B = -7-- {f5) 

smc 

Adding (a) and (/3) 
cos A + cos B = siii(^+^)-Bin(a+ft).cosC 

smc 



8in(flf+ft). -j 1— cosC j- 



sm c 

«^„ A j^ r»,v« -D — sin (a+ft) . 2 sin^i C ^^v 
cosA + cosBz: ^^ — ■ — ^ — : 2_ .. (i) 

smc 
But since the sines of the sides are to each other as the sines of 
their opposite angles, therefore, 

^ = ^, whence Bin A = ^^^-"°^ 
Sm sm c sm c 

_j • Ti • T> sin ft . sin C 

and m like manner, em B = ; 

sm c 

Adding these last two equations together, 

• A . • -o (sin a + sin ft) . sin C /cx\ 
smA + smB = ^ ^ . — ^ (2) 

smc. 
Dividing (2) by (1), 
Sin A + sin B _ (sin a + sin ft) . sin C 
Cos A +Cos B — sin (a + ft) . 2 sin^^ C 

Expanding these terms, 

2Bin^(A+B)cos^(A— B )_. 2sin^(fl^+ft)coBKg-^) sinC 
2cosi(A+B)cos^(A— B) sin(a+ft) •2sin2^C 

c 
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But by class V. (1), we haye 
sin a =: 2 sin ^ a . cos ^ a 
hencesm(a+&)=:2smi(a+ft)cosi(a+&) 
and sin C=:2 sin^ C . cos ^ C 
Therefore, 
2 sin ^(A+ B)cosi( A— B) _ 2 sin^^ + b)oosi(a'-d) 2 sin^CcosjC 
2cosi(A+B)cosi(A— B) 2Bmila+b)G0BHa+b) 2sin«iC 

or tani(A+B)==B2!i(£t4) cot g 

2nd Analogy. 
Referring to 1st Analogy, we have, 

CosA + oosB = £i^±*)ii5Ji!i^ (1) 

smc 

and also, 

gj^ ^ ^ sinasinC ^^ ^ B _ sin&jinC 

smc suk; 

whence, 

SmA-sinB==(iiMiZ:^llL!EP (3) 

Sine 

Dividing (3) by (1) 

Sin A — sinB ^ (sing — sin &) . sin C 

CosA + cosB"~sin(a + &).2sin2iO 

Expanding, 

2 cos^A+B) sinKA--B) _ 2 cos j-(fl^+ &) sin^^— 6) 2 sin^C cos^C 

2 cosKA+ B)cos i(A-B)"~2 sin^(a + &)cos i{a + by 2 sin^^ C 

therefore tan i (A-B) = sinK^-^) . eot-? 

These two Analogies are nsed, in solving that case of spherical 
triangles, where two sides and the included angle are given, to find 
the remaining angles of the triangle. For logarithmic computa- 
tion, they are thus written, 

(1) Tan^(A+B)=zcos^(a-5)sec^(a+&)cotiC 

(2) Tan ^ (A— B) = sin i (a— b) cosec i (a + 5) cot i C 

3rd Analogy. 

Tani(a + ft) = ^^f(^-g).tan|. 
"^ ^ cosi(A + B) 2 

We know, from the 1st Analogy, that, 

Tani (A + B) = 55!iI«ZL|) . cot^ 
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And as a formnlse which is trae for eyery triangle, mnst be tme 
for the " polar triangle " by accenting the letters, we have, 

But the angles of the polar triangle are supplements of the sides 
of the primitiye one : and its sides are supplements of the angles, 
therefore, 

i(A' + B')=i jl80-a+180-&l =:i J360-(a+&)l 

and, 

i(a'-&') = i JT80^A-180-b| =i(-A+B) 

=i(B-A) 
also, 

i(a' + y) = i { 180-A+180-B } = i { 360— A+bI 

= {l80-i(A+B)} 

and2'=i§^^= Ao-1^ 
2 2 V 2/ 

Substituting these values, 

Tan{l80-i(«+&)}==^-2ii(5i:A) cot(90-|) 

cos jl80-i(A+B)l 

But tan|l80— iL(a+5)| = — tani(a+&) 

and cos i (B — A) z= cos^ (A — B) 
for their expansions are equal, 

and cos 1 180- i(A + B) I = — cosi(A + B) 

andcot/'oO-l^r: tan| 

Therefore, 

-Tani(a+ &)==52il%zBI_ . tan£ 
*^ ^ — cosi(A+B) 2 

Dividing both sides by — 1, 
'^ ^ cosi(A + B) 2 
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4th Analogy. 
By the 2nd Analogy, 

Referring as before to the " polar triangle " 

'^ ' wa.\{ol JrV) 2 

Bedacing by the " polar triangle." 

\ (A'-B') = i ■[ i80^:^-:i80^6 } -\ (&-«) 
\ (a' - V) =i I l80:ri_i8o=B } =i (B-A) 

\{d + V) =i| 180-A+180-B } = i -[seo-Xflj 

= {l80-i(A+B) I 

and, as before, — = ( 90— | ) 

Snbstitating these valaes, 

Tan \ (J-a) = ^Mkf-^) ^^ 6o-A 

sin -jlSO-iCA+B)! ^ ^^ 

Bnt tan J (ft — a) = — tan i (a — 6) 
and sin i (B - A) = -BinJ(A-B) 

andsin jl80-i(A+ B)| = 8ini(A + B) 

as may be found by comparing their expansions, therefore, 

* ^ ^ sm i (A + B) 2 

Multiplying both sides by — 1 . 

Tani(a^&) = ^!^tS^-g) tani 
*^ ^ Bin i (A + B) 2 

These two latter analogies are of use where two angles and the 
adjacent side of a spherical triangle are giyen to find the other two 
sides. Adapted to logarithmic computation, they are written, 

(3) Tani(tf + J) = oosi(A — B)seci(A + B).tanic 

(4) Tani (a — ?>) = sini(A — B)coseci(A + B) . tanjc 
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(9) 

To find the cosine of a side in terms of the three angles of a 

triangle, 

a* A cos a — cos h . cos c 

Since cos A = -^^^ — . r^ , — ^-^ 

sm .smc 
Referring to the polar triangle, 

Cos A' — ^s a* —• cos y . cos e f 

~~ sin b' sin ef 

Bnt A' = (180 - a) ; a' = (180 - A) 
„ b' = (180 - B) ; cf = (180- - 0) 
Therefore, 

n^« /I QA ^\ — cos (180 — A)— cos (180— B) cos (180—0) 
Cos (180 - a) = ^ stn (180-B) sin (180-C) ' 

But cos (180 — a) =z — cos fl 
and sin (180 — B) = sin B 
— Cos a — "^ cos A — (— cos B) . (— cos C) 
"" sin B . sin C 

^\.^ry^ «/x« ^ — cos A + cos B . cos C 

whence cos a =: r-^^ — -, — ts 

sm B . sm C 

(10) 

A formula, for finding the third side of a spherical triangle, 
when two sides and the included angle are given. 

a:^^ ^^« A — cos a — cos J cos c 
Smce cos A = : — = — ; 

smb %uic 
Sin(.sin(;.cosA = cosa~cosJ^.cosc 

and cos a = cos ( . cos c + sin ( sin c cos A 
But cos A = 2 cos «i A — 1. (Class V. 3) 
therefore cos a = cos S . cos c+sin J . sin c . (2 cos 2^ A— 1) 

=: (cos 5 . cos c — sin ftsinc)+2 sin ft sinccos^^ A 
cos a = COB (J+c) + 2Binft.Binccos ^^A 
Subtracting both sides from 1, 
1 — cos a = 1— cos (J+c)— 2 sin ft . sin c cos ^ A 

or2sin2| = 2sin2i±.^-2sinft.sinc.cos2iA 



then sin" ?= sin* *±£-sm«fl 



Let sin & . sin c . cos ^ A = Bin ^ 

_:8in«ii 
2 2 

or sin«|= sin (t^ + e V sin P-j^- ) (Class VIII) 
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andsin|= /sin (*+^ +a). sin (^- a) 
whence, with 5, c, and A given, a may be fonnd. 

(11) 

A formnla, for connecting four snccessiye parts of a triangle, or 
to prove, 

Cot A . sin B = cot a . sin c ^ cos B 

ai A _ cos tf — cos ft . cos C 



cos c 





P^AJAV/V> 


<»>\/» . 


Uk — 


sm 


b. 


,Bia.c^ 






Sin h .Bine , 


COS 


A = 


:cosa - 


- cos ft . 


cos e 




Bnt 






















SmJ_ 
Sin a 


sin 
sin 


B 

A' 


whence i 


sin 


b=z 


sin 


B. 


sin a 






sm 


A 



and cos ft =: cos a cos e + sin' a sin c cos B 

Substituting these values, we have. 

Sin B . sin 6( . * / . • • -nx 

— q: — J — . sm c . cos A=: cos a— cosc(cos a cosc+sm a smc cos B) 

=cos a— cos a cos «c— sin a sin c cos (; cos B 
=:cos a (1 —cos ^c)— sin a sin c cos t; cos B 
=:cos a sin «c— sin a sin c cos c cos B 
Dividing both sides by sin a . sin c , and noticing, that, on the 

left hand side of the equation, z?^ f " == cot A, we have, 

Sm A 

Cot A sin B =: cot a . sin (; — cos B . cos c 
(12) 

Napier's rules for the solution of right angled spherical triangles. 
Fig. 14. 

Every triangle consists, strictly, of seven 
parts, viz., the three sides, three angles, and 
the area, or space enclosed by the sides. 

Now, if in the right angled spherical 
triangle ABC, we agree to omit, the area and 
right angle B, we shall have five of the parts 
left, viz., the three sides, and angles A and C. 

Taking one of these five parts as what is 
termed a " middle part," we have two of the 
remaining parts nearest it, and two most 
remote. The nearest are called " adjacents," 
and the remotest " opposites," or " extremes." 




SPHERICAL TBIGONOMETBY. 39 

Thns, taking 

& as a middle part ; 

a and c are extremes ; A and G adjaoents. 

A as a middle part ; 
a and C are extremes ; I and c adjaoents. 

c as a middle part ; 
h and C are extremes ; A and a adjaoents. 
And so on for the rest. 

From the formulae hereafter proved, we gather two compre- 
hensive rules, viz., that, 

sin mid. part =: prod, tangents of " adiacents," 
sin mid. Jart = prod, cosiies of « extriies," 
under the supposition that when we apply these roles to (, and A 
and 0, we use their complements (90 — ft), (90 — A), and 
(90 — C) ; thus, following out the rules : — 

sin (90 — ft) = cos fl . cos c . 

sin (90 - ft) = tan (90 - A) tan (90 - C) 

or (1) cos ft = cos a cos c 
(2) cos ft = cot A . cot 
and sin (90 — A) = cos a . cos (90 — C) 
„ sin (90 — A) = tan (90 — ft) . tan c . 

or (3) cos A = cos a . sin 
(4) cos A = cot ft . tan e 
and sin c = cos (90 — ft) . cos (90 — C) 
„ sin c =: tan (90 — A) . tan a 

or (5) sin c = sin ft . sin 
(6) sin (; = cot A . tan a &c. 

To prove (1) and (2) 



Since, 



Therefore, 



Cos B — COB ft -- cos g cos c 

sin a sin c 

and B = 90° : cos B =: . 



Q _ COS ft — COS g cos c 
~ sin a sin c 

or cos ft — cos a cos c = 
and (1) cos ft = cos a cos c . 
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AIbo, since, 

n T cobB + cosAcosC 

IJOS =r : J : 7s 

Bin A . sm C 
and COS B = 

Therefore 

(2)Co8& = ^!^"t\^"^^ = ootA,cotO 
Bm A sm C 

To prove (3) and (4) 

a;^^^ «^« « — cos A + COB B cos C 
Since, cos a =: : — =; — ; — 7= 

sin B Bin C 
B = 90° : cos B = : sin B :^ 1 

hence, cos a = ^ ^ 

Bin C 

therefore (3) cos a sin G = cos A . 



Cot B . sin A = cot 6 . sin c — cos A . cos I*' (11). 

Cot B = . 

= cot b , sin (J — cos A cos tf 

Cos A cos = cot & . sin (; 

and (4) cos A = cot ( . tan t 

To prove (5) and (6) 

Sfaice ?!5J = !|LB 
Bin^; sm C 

and sin B = 1 

therefore ?JBi = J_ 
sm c sm C 

and (5) sin ^ . sin C = sin c 
Also, 

Cot A . sin B =z cot a sin c — cos B . cos c (11). 
sin B = 1 : cos B = . 
therefore, cot A = cot a sin c 

and (6) sin c = ^ — = cot A . tan a 
^ cot a 

(18) 

An expression for the cosine of half a side when the three angles 
are known. 

c,*.o^ ^^« ^ _ cos A + cos B . cos C 
Bmce, cos a zz ; — =j — ; — 7= — 

sm B . sm C 
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Adding 1 to both sides, 
1 I «^« ^ — 1 j^ cos A + COB B . cos C 

1 + cos a = J + ; ^ , 70 

sin B . sin C 

— sip B . sin C + cos A + cos B cos C 
"" sin B sin C 

_ cos B cos C + sin B . sin + cos A 
"" sin B . sin C 

_ cos (B — C) + cos A 
sin B . sin G 

or 2 cos« ? = 2 cosj (A + B - C) . cosj (A - B + C) 
2 sin B . sin C 

Let i (B + C + A) = M 
then i (A + C - B) = (M - B) 
andi (A + B - C) = (M - C) . 
and, cos2i^cos(M--B)cos(M-C) 

' 2 sin B . sin 

whence, cos ^ = /cos (M— B) cos (M— 0) cosec B . cosecO 

(14) 

To find an expression for the sine of half a side, when the three 

angles are known. 

4 . „ cosA + cosB.cosC 

Agam, cos a = ^ - n 

° ' sm B sm 

Subtracting both sides from 1, 

1 ^^« .. — 1 /cos A + cos B . cos 0\ 

1 — cosa = l — I ; — ^ — ! — jz I 

V sm B . sm C / 

__ sinB.sinC — cosA — cosBcosO 

"" sin B . sin G 

_ —cos A — cos B . cos G + sin B ■ sin G 

sin B . sin G 

_ — cos A — (cos B cos G — sin B sin G) 

~" sin B sin G 

— — CQS A — cos (B + G) 
"" sin B . sin G 



— jcos A + cos(B + G)l 



sin B . sin G 

2 sin« ? = - 2 cos HB + C + -^) ^^\ (B + C - A) 
2 sin B . sin G 
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Then if as before, ^ (B + C + A) zz M 



Sin 



in - = / — cos M . cos (M — A) . cosec B . cosec 

The former of these is the expression used in logarithmic compu- 
tation. 

Propositions (confirmed). 

Proposition II 

(Otherwise proyed). 

The angle at the pole of a great circle is measured by the arc 
which subtends it. (See fig. 11). 

a:««« «^« -D COS BO — cos BP cos PO 
omce cos r = -, — =r=r — ; — =57= 

sm BP . sin PO 
and BP and PO are quadrants, 

therefore cosP = cos BO ^ cos 90^ cos 90^ 

sin 90° sin 90° 

But cos 90° = , and sin 90° = 1 
hence cos P = cos BO, 
or P = BO 

Preposition III. 

The angles of a spherical triangle are together greater than two 
and less than six right angles. 

Referring to the figure of the polar triangle, we have, 

A = 180 - a' 

B = 180 - V 

and = 180 — d. 

therefore, A + B + = 640° - {a' + V + d) 

And taking into consideration the truth, that the sum of the three 
sides of a spherical triangle is less than the circumference of a 
great circle (360°), therefore, 

A + B + =: 540° — a quaniity less than 360° 

But 540° - 360° = 180° 
Therefore, since this quantity is less than 360° 
A + B + must be greater than 180° or two right angles 

And it is evidently less than six for {a' + V + d)\& taken from 
540° to equal (A + B + 0). ' 
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Proposition IV. 

The angles at the base of an isosceles spherical triangle are 
eqnal. 

Let ABC be any isosceles spherical triangle, and let a :=: i, 

then A = B. 

«• sin a sin A 

Since ^7— i = -T—S 

sin ^ sin B 

and a = b; therefore sin a = sin ^ 
whence sin A = sin B 
and A = B 

Proposition V. 

The greater side of eyery spherical triangle is opposite the greater 
angle. 

In any spherical triangle ABC let a be greater than b, then A is 
greater than B 

By the same formnla, 

Sin a _ sin A 

Sin b ^ sin B 

Bnt a is greater than b 

therefore sin a is greater than sin b 

or sin A is greater than sin B 

and A is greater than B. 
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Definitions in Navigation, 

1. The extremities of the Earth's axis are the Poles. 

2. The Equator is a great circle passing ronnd the Earth, at an 
eqnal distance from each pole. 

3. Heridians are great circles passing through both poles, per- 
pendicular to the equator. 

4. Parallels of latitude are small circles parallel to the equator. 

5. The Tropic of Ganoer is that parallel of latitude 23^^ north of 
the equator. 

6. The Tropic of Capricorn is that 23^° south. 

7. Latitude is an arc of a meridian intercepted between the place 
and the equator. (Never exceeds 90°). 

8. mfferenoe of latitude between two places is the arc of a 
meridian intercepted between the parallels of latitude drawn 
through the places. 

9. Longitude is an arc of the equator intercepted between the 
"first meridian" and the meridian, over the place. (Never ex- 
ceeds 183°). 

10. Diflbrenoe of longitude is the arc of the equator intercepted 
between the meridians, over the two places. (Never exceeds 180°). 

11. A rhumb line is a Ime cutting all meridians at the same 
angle. 
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12. The Course of a ship is the angle which her track through 
the water makes with the meridian. 

13. The Heridian distance between two places is the arc of a 
parallel of latitude between them. 

14. Departure is the sum of all the intermediate meridian 
distances made in going from one place to another. 

15. The Steering or compass course is obtained from the true 
course by applying the variation and deviation of the compass. 

16. Leeway is the angle between a ship's actual course and her 
intended course, the change of direction being caused by winds or 
currents. 

17. A ship is said to be " on the port taok" when the wind is on 
her port side; and "on the starboard tack" when it is blowing 
upon the starboard side. 

18. The opposite to the " windward side" is the "lee side," 

19. A ship is close hauled when sailing as near the wind as she 
win lie. 

Nautical Astronomy. 

(Hieory). 

The Earth on which we live is nearly a sphere (an oblate 
spheroid), the difference between its major and minor diameters 
being 26 miles. 

It is the third planet of the solar system, and accomplishes a 
revolution round the Sun, in about 865^ days. The path in which 
it moves is elliptical in form, and is called its " orbit," and the Sun 
occupies one of the " foci" of this ellipse. 

Besides its motion round the Sun, it has one round its ajds or 
shortest diameter, from west to east, which is accomplished in 24 
hours. By the former motion we have the phenomena of the 
seasons ; and by the latter, those of day and night. 

Now, if the Earth be supposed the stationary object, and not 
the Sun, the latter body will appear to perform the Earth's real 
motion, but in a contrary direction. 

The Sun is said to move round the Earth performing both 
a daily and yearly course, rising in the easterly part of the 
heavens, and setting in the westerly quarter ; and aJso moving 
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during the twelve monthB, in a complete circle amongst certain 
groups of stars, called the ^' ConsteUations of the Zodiac." 

Definitions in Natttical Astronomy. 

Fig. 15. 




Ea^lanatian of Figure. 



Celestial Meridian, HZRN. 

Horizon, HR. 

Equator, EQ. 

Prime Vertical, ZWN. 

Six o'clock hr. Circle, PW8. 

Ecliptic, ec 

Zenith, Z. 



Circle of Altitude, ZN. 
Circle of Decl"- Fds. 
Circle of Latitude, ^c*. 
1st pt. of Aries, r. 
Poles of Ecliptic, I?, s. 
Poles of Heayens, P. S, 
Nadir, N. 



(1) Circles. 

1. The celestial meridian is the meridian of an observer on the 
Earth, produced to meet the celestial concave. 

2. The sensihle horizon is the plane on which the observer 
stands, produced to meet the celestial concave. 

3. The rational horizon is an imaginary plane parallel to the 
sensible horizon, and passing through the centre of the Earth. 

4. The celestial equator is the equator of the Earth, expanded 
to meet the celestial concave. 
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5. The zenith is a point situated on the celestial sphere vertically 
over the observer; his nadir is the corresponding point in the 
opposite hei]}isphere. 

6. The prime vertical is a great circle passing through the zenith 
and nadir, and the east and west points of the horizon. 

7. The six o'clock hour circle is a great circle passing through 
the poles, and the east and west points of the horizon. 

Explanation of the EcUpHc. 
Fig. 16. 




Let a, b, c, d represent the four positions of the earth, in March, 
June, September, and December, or at the times of the equinoxes 
and solstices ; then an observer situated at (?, when the Earth, was 
at a, would see the sun in the direction y. If the Earth then 
travels to J, the Sun would appear to him to move in a contrary 
direction to that of the Earth'^ motion, or from y towards a?. 

If an observer were to mark the position of the Sun at the same 
time thus throughout the year, the path described by that body 
would be an ellipse (which may be regarded as a circle) cutting 
the celestial equator at an acute angle, the angle or inclination of 
the Earth's axis to the plane of its orbit, 28^°, or more correctly 
23"" 27' 45". This figure is called the ecliptic, and the angle of its 
inclination to the equator is called the obliqxdty of the ecliptic. 
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If the equator be represented as a straight line, the ecliptic 
would be a curve, cutting it at the above angle thus, 

Fig. 17. 




a and e would represent the equinoctial points, and d and e the 
solsticial points. Suppose the Sun to set out from a on March 21st 
(the "vernal equinox") he would reach h, on June 21st (the 
" summer solstice" of the N hemisphere), returning to the equator 
at e, on September 21st (the autumnal equinox), then on to c (the 
winter solstice), then again to dy which is coincident with a. 

The limits between b and c and the equator are called the 
tropics, extending over a belt of 23^° north and south of the 
equator. The northern limit is the Tropic of Cancer ; the southern, 

the Tropic of Capricorn. 

The Sun thus appears to move in the heavens through certain 
groups of stars, or constellations, lying on the ecliptic. These are 
twelve in number, and are called Signs of the Zodiac, Their names 
are. 



Aries (the Eam) 


> . . 


... 21st March. 


Taurus (the BuU) 


. . « 


„ April. 


(Jemini (Twins) 


» . • < 


„ May. 


Cancer (Crab) 


• . m 


„ June. 


Leo (Lion) . 


» . • i 


„ July. 


Virgo (Virgin) 


> • • ■ 


„ August. 


Libra (Balances) 


» . • 


„ September. 


Scorpio (Scorpion) 


■ . * < 


„ October. 


Sagittarius (Archer) . 


1 • • < 


„ November. 


Capricornus (Goat) 


. . • 


„ December. 


Aquarius (Waterbearer) ... . 


. . 1 


„ January. 


Pisces (Fishes) 


t . . < 

1 


„ February. 

■ 1 >^ ^ I All 



The Sun enters each sign successively on the 21st of the month. 
The four periods which need to be particularly remembered are, 
the equinoxes (Aries and Libra), and the solstices (Cancer and 
Capricorn). 
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Definitions (cmtintied), 

8. The ecliptic is the Sun's imaginary path amongst the fixed 
stars ; or, a great circle cutting the equator at an angle of 23J°. 

9. The poles of the ecliptic are two points on the surface of the 
sphere, everywhere 90° distant from the ecliptic. 

10. The poles of the heavens are those points, where the Earth's 
axis produced, cuts the celestial concave. 

11. Circles of altitude, vertical circles or circles of azimuth, are 

great circles passing through the zenith and nadir, perpendicular 
to the horizon. 

12. Circles of declination, hour circles, or meridians, are great 
circles passmg through the poles of the heavens, perpendicular to 
the equator. 

13. Circles of celestial latitude are great circles passing through 
the poles of the ecliptic, perpendicular to the ecliptic. 

14. Parallels of altitude are small circles parallel to the horizon. 

15. Parallels of declination are small circles parallel to the 
equator. 

16. The colures are two meridians passing through the equi- 
noctial and solsticial points. 

17. The twilight circle is that parallel of altitude 18° below the 
horizon. 

(2) Measurements. 

18. The altitude of a body is an arc of a circle of altitude inter- 
cepted between the body and the horizon. 

19. The declination of a body is the arc of a circle of declination, 
between the body and the equator. 

20. The latitude of a body is the arc of a circle of latitude, 
between the body and the ecliptic. 

21. The right ascension of a body is an arc of the equator, or an 
angle at the pole intercepted between the meridian passing over 
the " first point of aries," and a meridian over the object. (Mea- 
sured eastward), 

22. The longitude is an arc of the ecliptic intercepted between 
a circle of latitude drawn over the first point of aries, and that over 
the object. 

23. The amplitude of a body is an arc of the horizon inter- 
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cepted between the east point and the object's rising point, or the 
west and its setting point. 

24. Azimntll is an angle at the zenith, included between the 
meridian of the observer, and the circle of altitude passing over the 
body. 

25. The hour angle 'is an angle at the pole included between the 
meridian over the observer, and that over the object. 

26. Polar distance is an arc of a circle of declination between 
the body and the pole, (complement of the declination). 

27. Zenith distance is an arc of a circle of altitude between the 
body and the zenith, (complement of the altitude). 

28. Colatitude is an arc of the celestial meridian, between the 
zenith and pole. 

(3) Time, 

We have said that the Sun moves in a curve called the ecliptic > 
which appears to cut the equator at an angle of 23J°. But this he 
does at an ununiform rate, passing through a different space each 
24 hours, because of its elliptical form, he therefore cannot measure 
time accurately. To obviate this, astronomers have supposed an 
imaginary sun, which travels at an uniform rate on the equator. 
Such a body is called the Mean Sun, and the standard of time which 
it gives is that by which all clocks and watches are regulated. It is 
evident, that if, on the 21st March, the two Suns set out from the 
first poiot of aries, the one, by his irregular motion, will sometimes 
be in advance, and at other times behind, the other. Now, if two 
meridians be drawn, one over each Sun, the angle at the pole 
between them is called the equation of time, and is the means by 
which mean time, or time by the Mean Sun, may be reduced to 
apparent time, or that shown by the true Sun. 

We should conclude, therefore, that on the 21st of March and 
September, or when the Suns are at aries and libra, the equation 
of time would become ; but this is not the case. 

The equation of time really consists of two parts ; the 1st, arising 
from the true Sun's unequal motion in the ecliptic, and the 2nd, 
from its motion being in the ecliptic instead of in the equator. 
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So that the two parts vanish at different times, and on the days of 
the equinoxes, when the 1st part vanishes or becjomes 0, the 2nd 
is left. 

Definitions (continued). 

29. Mean time is the westerly hour angl^ or meridian distance 
of the Mean Sun. 

30. Apparent time is the westerly hour angle of the apparent or 
true Sun. 

31. Sidereal time is the westerly hour angle of the 1st point of 
aries. 

32. An apparent solar day is the interval between two succjessive 
transits of the true Sun across the same meridian. 

33. A mean solar day is the interval between two successive 
transits of the Mean Sun. 

34. A sidereal day is the interval between two successive transits 
of the 1st point of aries. 

35. Equation of time is an angle at the pole between a meridian 
over the true Sun, and one over the Mean Sun. 

(4) Gwil and Astronomical Time. 

All ordinary clocks and watches are marked round to 12 hours. 
The day is divided, in common reckoning, into two parts of 12 
hours each, a.m. and p.m. We say, in ordinary language, that the 
Sun is on the meridian at 12 o'clock, *.«., 12 in the day ; and from 
that time to 12 at midnight, the revolution made by the hour hand 
IS called p.m. time ; the remaining 12 hours being a.m. This is 
called civil time. 

The problems in nautical astronomy require this distinction of 
A.M. and P.M. to be done away with. To obtain this, another kind 
of clock is called into use ; its dial is marked round to 24 hours. 
Therefore, while the pointer of this clock makes one revolution of 
24 hours, that of an ordinary clock will make two, to complete its 
A.M. and P.M. Suppose the Sun to come on the meridian of the ob- 
server, one clock will show 12"* ; the other 24** or 0**. At 3 P.M., both 
clocks will show 3"*; at 6, 6*»; at 9, 9**; at 12, 12**; and after that time 
the distinction begins. The pointer of the clock showing civil time 
goes on to 1 again ; but that of the astronomical clock, to 13**. The 
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1** shown by the former clock means 1^A.M.; astronomically, it is 13^. 
Now, if a solar day begins at 0^ on January 5th, for example, both 
clocks will agree that is January 5 th till 12 at night ; and after 
that time the first clock will show January 6th 1^ a.m. ; but the 
astronomical one will still show January 5th 13^. Hence results a 
simple rule, which it is of the, greatest import to understand 
thoroughly before commencing any problem of nautical astro- 
nomy:— ("If the time by an ordinary clock be A.M., add 12** to it, 
and reckon from the preceding day ; reject the a.m., and the result 
will be the astronomical time :") «.^., August 10th, 6^ a.m. civil 
date is August 9 th, 18^ astronomical date. 

P.M. time remains as before : e.^., August 8th, 5** p.m. civil date, 
is August 8d 5^ astronomically. 

The reason of such an arrangement is, that the elements in 
the Nautical Almanac are computed for astronomical date at 
Greenwich, and all other time must be reduced to this. In ques- 
tions set for working, the time therein given is always dvil date. 
Sudi time must be converted at once into astronomical date (as 
above) before the almanac can be used. 

A mean solar day is the standard of measurement, berug exactly 
24 hours long ;- an apparent solar day is variable, on account of 
the true Sun's unequal motion in the ecliptic. 

A sidereal day is 23^ 56™ long, measured in mean solar time, or 
the first point of aries comes to any meridian in an interval which 
is 4™ shorter than the corresponding interval marked by the Mean 
Sun ; hence we have the equation, 

24^ mean solar time = 28^ 56"., 

and on this principle, the "acceleration table," in the Nautical 
Almanac, is constructed, by which solar time may be converted 
into sidereal time, and vice vensd. We have, 

1^ solar = 1^ 0" 9»-86 sidereal time 

im -- im A.I g 



» 



1-0027 „ „ &c. 



The 1st point of aries has been observed to move 50" eastward in 
the ecliptic every year. This called the "precession of the equi- 
noxes ;" and by it, in the course of centuries, the seasons would be 
changed. 



56 NAVIGATION AND NAUTICAL ASTRONOMY. 

INVESTIGATIONS OP RULES IN NAVIGATION AND 

NAUTICAL ASTRONOMY. 

Parallel Sailing. 
Pig. 18. 




Let A and B be two places on the same parallel of latitude AB ; 
let PE and PQ represent their meridians, EQ an arc of tKe equator, 
corresponding to the arc of the parallel AB. PC the polar axis of 
tlie Earth. C the centre of the earth, which is also the centre of 
the equator, EQ. D the centre of AB. Join DA, DB, CE, OQ. 

Then, since similar arcs of circles are to each other as tlieir radii, 

therefore, 

AB:EQ::DA:CE 

But AD is the sine of the arc AP 

and EC is the sine of EP. (Def "•• Cu-cla Trig^) 

therefore, AB : EQ : : sin AP : sin EP 

But AB measures the mer. dist. between A and B. 

EP = 90° and EQ is the diflF. long. : 

therefore, mer. dist. : D long. : : sin AP : sin 90° 

But sin AP = cos AE 

and AE measures the lat. of A and B • 

therefore mer. dist. : D long. : : cos lat. : 1 

or mer. dist. = D long, cos lat. (1) 

whence D long. = mer. dist. sec lat. (2) 

, , , mer. dist. ,„. 

and cos lat. = -=-t . (3) 

D long. 

which are the three expressions in use in parallel sailing. 
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Middle Latitude Sailing. 




Pig. 19. Let AD be a rhumb line, cutting 

the several meridians in the ad- 
joining figure, in A, 8, q, a?, and D. 
Draw a?y, qjf, «r, parallel to EQ. 

Then, in each of the small right 
angled triangles Bxm, xqy, qsp, 
sAr, the departures are repre- 
sented by wiD, yx, pq, ra, re- 
spectively, and the differences of 
latitude by mx, yq, ps, and r A 
respectively. 

It is evident that the sum 
of Ar, spy yqy xm, will be equal 
to AC, hence AC is the whole D lat. between D and A. But it 
will not be true that the sum of the departures, wiD, yx,pq, rs, 
constitutes either AB or CD : for it is less than AB, and greater 
than CD, for the lengths of a degree of a parallel of latitude de- 
cjrease as we approach the poles. But the sum of these departures 
will be found to be equal to a line midway between CD and EQ, 
or as it is termed, a departure in mid. latitude. This is the 
principle of Middle Latitude Sailing, and adopting the formula for 
Parallel Sailing, and applying it to this, we have, 

Mer. dist. = D long, cos lat . . . (parallel sailing) 
But mer. dist. = Dep. in mid. lat. 
Hence 

(1) Dep. = D long, cos middle lat. 

But by the right angled triangle used in plane sailing, where 
dep. is the perpendicular, and dist. the hypothenuse, we have, 

Dep. = dist. sin co ; 
hence dist. sin co. = D long, cos m lat. 
whence 

(2) D long. = dist. sin co sec m lat. 

Again, by Plane Sailing, 

Tan Co : = 5^ 
D lat. 

But Dep. = D long, cos m lat. (1) 
therefore, 

(3) Tan Co : = 3^i22^^pM- 
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Geeat Cibole Sailing. 





The shortest distance between any two places, is the arc of the 
great circle joining them. This may be proved by means of a 
terrestrial globe, by bringing the places to the wooden horizon, and 
stretching a piece of line between them, when it will be fonnd thafc 
such a line measures the shortest distance. A succession of points 
on a great circle, being chosen, the latitude and longitude of each 
point being known, the course and distance between each is com- 
puted. If a perpendicular, in the figure, be drawn from P the 
pole, to AB the great cu*cle joining A and B, it may fall 
either between A and B, or outside AB : the point thus obtained 
(V), is called the vertex, and it is the highest latitude reached in 
sailing over a great circle. 

We have, in the figure, PA and PB, the colatitudes : the angle 
APB measures the D long, between A and B, and APV between 
A and V : PV is the colatitude of V. 

It is required to find an expression for the distance, and for the 
latitude and longitude of the vertex. 

Distance. 

In the spherical triangle APB, we have, 
Cos AB (dist) = cos PA . cos PB + sin PA sin PB cos P 
or cos dist = cos J. cos a + sin &. sin a cos P 
But cos P = (2 cos 21 P— 1). 
therefore cos dist =: cos a cos & + sin a sin J . (2 cos^ ^ P— 1) 

i.e.,cos dist = cosflcos&— sinasin J + 2sinasin Jcos^P 
= coB(a+h) + 2 sinasin&cos^iP 
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Subtracting both sides from 1. 
1 — cos dist = 1 — cos (a + J) — 2 sin a sin J cos «i P 

or 2 sin2^*^ = 2 sin^ilil-^) - 2 sin a sin & cos «i P 

Let sin a sin J . cos *i P = sin «e 

then sin« ^ = 8in« i-±-^ - sin «e 
2 2 

whence sia^^* = sin (^-±± + A sin ('i^ - q\ 
and sin^' = ^ sin (^* + e ) sia (^1+J _ e^ 

Latitude of Vertex. 

In the triangle APB, 

SinAB _ SinP 
Sin PB "" Sin A 
therefore sin AB . sin A = sin PB . sin P 

and sin A = «i5^1iE^ 

sin AB 

Multiply by sin AP 

then sin A. sin AP z= sin PB . sin PA . sin P 

sinAB 

But since APV is a right angled spherical triangle, 
Sin A . sin AP =: sin PV 

and, sin PV = sin PA . sin PB . sin P 

sin AB 

whence cos lat V = cos lat A . cos lat B . sin D long. 

sin dist. 



Longitude of Vertex. 

In the right angled spherical triangle APV, 

Cos APV = cot PA . tan PV 
L e., cos D long from A to V = tan lat A cot lat V and applying 
long of A to this, that of V is obtained. 

The D long is called east or west, as B (the place of greater 
latitude) is east or west of A. 
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Second Method for the Distance. 

Cos dist = cos a cos ^ + sin a sin i . cos P 
and cos P = (1 — 2 sin «i P) 

therefore 

Cos dist = cos a cos J + sin a sin J (1 — 2 sin «J P) 

= cos a cos i + sin a sin d — 2 sin a sin & sin ^i P 
= cos (a — J) — 2 sin a sin & . sin ^ P 

Adding 1 to both sides, 

1 + cos dist =1 + cos (a — &) — 2 sin a sin J sin «i P 

Let sin a sin J sin ^ P = cos «6 

2 cos «i dist = 2 cos« ^ ^^ — 2 cos ^d 

then, since, cos «aj — cos «y = sin (y + a?) . sin {y — x) 
cosaidistzzsin|e+?^| sin |e - ^LzJl 

and 

cosjdist = /sin |e + ^5-=^| sin { O-iLZ-^l 
where a and l are the colatitudes, and P the diflF. long. 



Explanation of the Coreeotions foe an Altitude. 



(1) D^. 



Pig. 22. 



If an altitude were taken 
from the surface of the sea, 
the eye of the observer wonld 
be upon his horizon, and no 
correction for dip would be 
used. But as he is generally 
elevated some feet above it 
when measuring an object's 
altitude, the altitude thus 
obtained would differ from 
that taken from the sur£Bu;e 
of the water. In the figure 
the observer is represented as 
being at 0; ox is a line 
touching the earth, drawn from his eye, and is his horizon. 
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The altitude of the body S, measured m such a position, would be 
8x: that, in a higher position, & would be S y. The angles noa 
and mo'b, measure the dip of the horizon respectively. Now, as 
the observer at & is higher than at o, it is evident that the angle 
mo'b is greater than noa, and the altitude By is greater than 8x. 
Hence the greater the elevation above the sea level, the greater the 
altitude measured, and therefore the dip must be subtracted from 
an altitude. 



(2) Refraction. 
Fig. 23. 




When a ray of light passes through a dense medium it is bent in 
direction as it approaches an observer's eye. 

In the figure, the ray from o is gradually bent towards the per- 
pendicular until when 1 reaches A the body would appear in the 
direction of the last ray Ax, viz., Axe, The eflfect of refraction is 
to increase an altitude, and it must be subtracted from an observed 
altitude. 

(3) Semi-diameter. 

This is a correction to be applied to the altitudes of the Sun or 
Moon, or of a planet. The altitude either of the upper or lower 
limb is observed, and hence, to obtain the altitude of the object's 
centre, if the former be taken, the semi-diameter is subtracted, if 
the latter, added. 
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(4) Parallax. 

A correction, to reduce an altitude as observed from the surface 
of the earth, to what it would be, if taken from the centre. 

Fig. 24. In the figure, an object 

at 0, would be seen in a 
higher position from C, the 
centre of the earth, (viz., 
C«), than if viewed from 
o' at the surface, {o'V). 

Hence the correction called 
parallax must be added to 
the altitude observed. It 
may be defined, as the angle 

at the body's centre, subtended by the earth's radius, {oo' cm the 

figure). 

The parallax of a body when rising or setting, is caUed its 
"horizontal parallax." This correction vanishes, as the body 
approaches the Zenith. 

INVESTIGATION OF THE RULES IN NAUTICAL 

ASTRONOMY. 

An expression for the Dip. 

Let AFE represent the Earth : 

B, the place of an observer: DB 

a horizontal line drawn from his 

eye : BA a tangent to the Earth's 

surface at A. Join CA. Then 

the line BF is the height of the 

observer's eye above the horizon, 

and the angle DBA is called the 

Dip or depression of his horizon 

in that position (BA), below the 

horizontal line. 

To prove that BOA =z the 
Dip. 

Because DBG = 90° 
Therefore DBA + ABO = 90° 
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Again, since BAG = 90° 

therefore ABC + ACB = 90° 
and ' ABC + ACB = DBA + ABC 

Omit ABC, then, 
ACB = DBA. 

But DBA measures the dip 
Hence ACB = the dip 
In the Inrestigation, let 

BF = ^ : CF = CA = r, then. 

In the right angled triangle BAC, 

Cos BCA = :^ = "" 



CB "" r + A 

and 1 - cos dip = 1 - 5r+^ - -jr+x" " T^h 
But -A_ = h nearly, 

T •\- h T 

for % at the most is only a few feet, and r the Earth's radius = 
4,000 miles : hence r •\- % may be said to be nearly equal to r. 

Therefore, 1 — cos dip = - nearly, 

T 

or2sin2 4^ = ^ 

2 T 

Multiplying both sides by 2, 

4siii«^ = ?* = ?xA 
2 r r 

Taking the square root. 

But the sine of a small arc is nearly equal to the arc itself, mul- 
tiplied by the sin of 1', therefore, 

Sin^' = ^'.sinr 
2 2 

and 2 sin-^ =z dip' . sin 1' . . 



Substituting, 

Dip' . sin 1 = / ~ ^ s/^m 
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ip'=:V r X ^ h 



and dip 

sin 1' 

But the fraction, v r may be rejected, being small, and 

sin 1' 

Therefore Dip' = >/X nearly, 

which expression wiU give the dip in cases where no great accuracy 
is required : e. g., if an observer be raised 36 feet above the sea, the 
dip for an altitude in that position is v'"36 = 6'. 

From this arises a useful rule, viz. :— 

To find the distance of the visible horizon at sea. 

Eule ; dist : = s/ h + ^ h 

If an observer be raised 24 feet above the sea, he can notice a 
vessel just appearing in sight, at a distance of 6 miles from him ; 

for dist, = >/ 24 + 12 = 6 miles, 
and the diameter of his horizon would be 12 miles 

The following proof verifies this : — 

In the preceding figure, by (Euc. III. 36), 

EB . BF = BA« 
i. e., (E^ + FB) . BF = BA* 

Let FB = A : and BA = rf: 

then {2r + h) .h=z d^ 
or 2rh + h^ =z d^ 

But h^ is so small that it may be omitted, 

then, 2rh =z d^ 

But r = 4,000 miles nearly, 

and =-Tr^-rr represents h as the fraction of a mile, 
5,280 

therefore, 8,000 x -^ = ^ 
' ' 5,280 

or -p (nearly) = d^ 

whence d = >/ ^ + ^ ^, (nearly). 

* The "Table of Dip" is computed from this expression. 
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Parallax. % 

Fig. 26. 
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Let Z be the zenith : OH the horizon of an observer at 0. A 
the position of an object : then the angle OHO is called its hori- 
zontal parallax, and OAC its parallax in altitude : and AOH mea- 
sures its apparent altitude. 

In the right angled triangle, OCH, 
OC 



CH 



=: sin OHC = sin hor. park- 



in the oblique angled triangle OCA, 

00 _ sin OAC 
CA "" sin COA 

But sin COA = sin ZOA (being supplements), 

and sin ZOA = cos AOH (being complements), 

, OC _ sin OAC __ sin par*- in alt 

' CA "" cos AOH cos app*- alt ' 

and ^ = 2£ : for CA =z CH . 
CA OH 

therefore, sin hor par- =z sin par- in alt 

COB app*- alt 

or sin hor par*- x cos app** alt = sin par*' in alt. 



E 
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But par*- in alt and hor par* are both small arcsj hence, 

sin hor par^" = hor pai*" sin 1" 

and sin par^ in alt" = par*- in alt" sin 1" 

therefore, hor par**" sin 1" x cos alt = par*- in alt" sin 1" 

whence, par*- in alt" = horpar^-" cos app*- alt. 

From this fonnnla it is manifest that hor par*- ifl greater than 
par*- in alt, the former being diminished by cob alt 

Meridian Altitudes. 
Fig. 27. 




Let the circle represent the celestial meridian, then Z is the 
zenith : P is the elevated pole : EQ the equator : HH' the horizon. 
Let S', S" and W be the three respective positions of an object on 
the meridian. 

1st. To prove that 

The altitude of the pole above the horizon measures the latitude 
of the place of observation. 

Since ZH' = 90° : and EP = 90° 
therefore ZH' =z EP 
«.d., ZP + PH'=:BZ + ZP 

Omit ZP 
then PH' = ZE 

But since, on the Earth, the arc of a meridian between the 
observer and the equator measures his latitude, therefore the cor- 
responding arc in the heavens (ZE) will measure the same, hence 
PH' measures the latitude. 
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2nd. Let an object be on the meridian at S', in which case its 
zenith distance and dechnation are measured the same way, i. e., 
both N or S. We have, then, 

ZE = latitude 

ZS' = zenith distance 

ES' zz declination 

and ZE = ZS' + S' E 

or lat z: zen dist + dec"- 

For if P be the N pole, the zenith will be north of the object, 
and the declination will be measured northwards ; and vice versd. 

3rd. Let an object be on the meridian at S", where the zen dist 
and declination are of contrary names, then, 

ZE = latitude 

ZS" = zenith distance 

ES" = declination 

. and ZE = ZS" - S" E 

or lat = zen dist — decl""- 

In this case, supposing P to be the north pole, the zenith would 
be north of tlie object, and the declination would be measured 
south. 

4th. Let the object be below pole as at W, then, 

PH' = latitude 
PW =z polar distance 
WH' = altitude 
and PH' = PW + WH' 
or lat ^ polar dist -h alt. 

The Sun's greatest declination, north or south, never exceeds 
23°.28', and therefore he never approaches either pole nearer than 
66°.32', or recedes from it farther than 113°.28'. 

From this it appears that the lowest latitude in which the Sun is 
ever below pole, (i. e., the one in which he is seen to touch the 
horizon without setting), is 66°.32'. This would take place at the 
time of the solstices in either hemisphere. Circumpolar objects 
are those whose polar distances are less than the latitude PH', and 
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which therefore make their revolutions round the pole without 
setting, and are visible on the meridian, twice in 24 hours. 



Latitude by Pole Stab. 

"We have seen that the altitude of the pole measures the latitude. 
If, therefore, an object were placed exactly at the pole, its altitude 
(corrected for index error, dip, &c.) would measure the latitude. 
The pole star is a circumpolar object, which makes its revolution 
at 1^° distance jfrom the pole. A correction, therefore, must be 
applied to its altitude to give that of the pole. In the adjoining 
figure, 

Fiff 28 
^' ' PH represents the meridian, 

A and B two positions of the star, 
one above and the other below 
the pole P. C and D two in 
which the star is on a level with 
the pole. When the star is at 
X, the question becomes one of 
meridian altitudes, and all cor- 
rections vanish. As the arc PA 
revolves with the star round the 
point P, it marks an angle x PA, 
which varies in size, with the 
position of the star. At x the 
angle is 0. When the star is at 
Oitis6^ aty, 12^ at D 18\ 
As the arc PH, the alt of the pole is the object sought, when the 
star is at C or at D (i, e,, when its meridian distance or hour angle is 
6*" or 18^), its altitude is nearly equal to the latitude PH, and in 
rough calculations, may be taken for it. If the star be in the 
position A, its altitude, AL, is too great for PH by the quantity, 
AM, and the correction AM is subtracted from the altitudes. This 
is the case in any position on the upper half of the circle. On the 
contrary, if the star be at B, its altitude, BL, is too little for PH 
by the quantity MB, which must be added. Hence this practical 
rule: 

If the hour angle is between 6^ and 18^, the correction is 
additive to; in any other case it must be subtracted from the 
altitude. 
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Investigation. 

Fig. 29. Let Z be the zenith, P the 

pole, SWB the diurnal circle 
described by the pole star. 
Let S be the position of the 
star when observed ; ZSQ a 
circle of altitude passing 
over it. Join PS, and from 
S draw SX perpendicular to 
ZN. Then in the spherical 
triangle Z X S, because 
ZXS is a right angle, 
therefore ZSX is less than 
a right angle, and ZS is 
greater than ZX. There- 
fore a circle described with 
centre Z and distance ZS, 
would cut below X ; suppose it to cut in V. Then PX is the first 
correction to be applied to the altitude, and VX the second. 

First Correction. 

The triangle XPS being small, may be considered a plane 
triangle ; for the star is situated only at 1^° from the pole, and 
that portion of the sphere may be considered a plane surface, when 
compared with the whole curvature. 

Hence XP = PS . cos XPS 
car 1st cor. = polar dist x cos hour angle. 
„ zz p" cos h. 




Seco7id Gorrection. 
By construction, 

ZS = ZV = (ZX + XV) 
and cos ZS = cos (ZX + XV) 
or cos ZS = cos ZX . cos XV — sm ZX . sin XV 

But since ZXS is a right angled, spherical triangle, we have, by 
Napier's rules. 
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COS ZS = COS ZX . COS XS . 
therefore cos ZX . cos XS = cos ZX cos XV — sin ZX sin XV 

But VX being small, cos VX = 1 nearly, 
hence, cos ZX cos XS = cos ZX — sin ZX sin XV . 
whence, sin ZX sin XV = cos ZX — cos ZX cos XS 

= cos ZX . (1 - cos XS) 

= cos ZX . 2 Bin2 ^ 

and sin VX = cot ZX . 2 sin* ^ 

But sin VX" = VX" . sin 1" . 
and cot ZX = tan XN i= tan SQ = tan alt 

also sin :*^ = "2^ . sin 1" 
2 2 

and 8in« ^ = ^ sin* 1" 
2 4 

2Bin*^ = ^.8in«l'' 
2 2 

But XS = SP . Bin XP8 = (;; . sin A) . 

therefore XS« = (i? sin Kf . 

therefore 2 sin*^-^ = (£^)* . gin* l « 

2 2 

Substituting these valnes, 
VX' . sin 1" = tan alt . '^ ^^ ^^^ . sin* 1" 

whence, VX (2nd cor.) = ^ . sin 1" . tan alt . (p sin A)« . 
which is always added to the altitude. 

Reduction to the Meridian. 

Fig. 30. Let S be the position of an 

''object when near the meridian, 

and S' its place when on the 

meridian, and suppose that in the 

interval its polar distance does 

not change. On this supposition 

S the problem of "Reduction to 

the Meridian" depends. Let PZ the colatitude = 7 : PS the polar 

dist = ^ : ZS the zenith distance at the time of observation, = z ; 

and ZS' the meridian zenith distance of the object = 7i ; and the 
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angle ZPS the object's hour angle = h. Then the reduction is the 
correction to be applied to the altitude when at S, to convert it into 
a meridian altitude, and the correction may be defined, as the dif- 
ference between ZS and ZS', or between z and ^. By supposition, 
we have, 

PS zz PS' 

or^ zz, ^ -\- H 
and ^ zz jp — I . 
and cos ^ = cos {p — I) 
or cos g' = cos^ cos H + sin^ sin f 
But in the spherical triangle ZPS, 

cos z = cos^ cos ? + sin J? sin ? . cos A 

Subtracting the second equation from the first, 
cos s?' — coF « = sin^ . sin ? . (1 — cos h) 

zz sin^ . sin f . 2 sin ^4 

or 2 sin — - — . sin — -^ — = sin^ . sin ? . 2 sin ^ A . 

But the meridian zenith distance may be assumed nearly equal 
to the zenith distance at the time of observation, therefore 

- z -- ^ reduction . i i... i.. 
also — 5 — = 2 5 *^^ substitutmg, 

2 sin 2' . sin - = sin^ . sin f . 2 sin ^i A 

But sin ^' - ^ . sin 1" 
2—2 

and 2 sin C- r" . sin 1" 
2 ■" 

therefore, 

gin 0' . r" . sin 1" = sin^ sin ? . 2 sin ^^ h 

or sin mer zen dist . r" sin 1" = cos dec . cos lat . 2 sin ^J h. 

whence /' = cos dec cos lat . cosec MZD . — ; — | — 

sm 1 

In the case of the Sun, the meridian altitude is the greatest 
altitude during the day, and the reduction must always be added 
to any altitude of that body, to obtain his meridian altitude. 
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PoBMUL^ FOB. Computing an Objbct^s Hour Angle. 

^S- ^1- Altitude taken for the pur- 

pose of computing *'Time," 
ghould be observed when the 
body is far jfrom the meridian, 
or as near as possible to the 
"Prime Vertical;" for then, 
5 any error in the altitude will 

produce a less effect in the hour angle deduced from it than at 
another time. But on the contrary an error in an altitude taken 
near the meridian, produces a great eflFeot upon the hour angle. 
Such altitudes, careftdly observed, are suitable for the computation 
of latitude, as in the case of " reduction to the meridian." 

In the figure, let 

PZ = r : PS =i? : ZS = 2 : ZPS z= ^ . 

Then, 

«^„ J. — . cos J9 — cos V . sin « 

cos h = ; — = : i 

sm t . Binp 

But cos 2 = sin alt 
and cos ^ = sin lat . 
„ sin f = cos lat . 

«^^ «^« I. — sin alt — sin lat . cos p 
and cos h = =— — : ^ 

cos lat . sm ^ . 

Subtract both sides from 1 . , 

/'sin a — sin Z . cos p\ 

— cos A = 1 — I 7 — : I 

\ cosZ.smj? / 

_ cos ? . sin^ — sin g + sin Z . cos j g 

^ cos Z . sin p . 

_ sin (jp + ?) — sin g 

"" cos ? . sin^ 

_ 2 cos ^ ( j? + ? + g) . sin ^ (^ + I — a) 

GOB I . sin^ 

Let i {jp -h I + a) zzB 
then i(j> + I — a) zz {S — a) 
and 1 — cos ^ = 2 sin 2 i^ . 

Iherefore, 2 sm' ^ = 2 cos S.sinCS - «) 

cos « . sm p 



then 1 



and sin ^^ rz^ sec / . cosec 2? . cos S . sin (S — a^ 
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To Deduce the Tike from an Hour Angle. 

If the Sun be the object observed, the hour angle (if westerly) 
will measure the apparent time ; but if the Sun be East of the 
meridian at the time, the hour angle must be taken from 24^ to 
make it westerly. And, as in all problems where longitude is 
concerned the mean time is required, this may be found, by apply- 
ing the equation of time to the apparent time. But in the case of 
any other object being observed, the following rule is to be uni- 
versally adopted, viz. : — 

True mean time at place = obj''- west^- h'- angle, + obj'"* right 
as^ — mean Sun's right as"^ (increasing by 24** if necessary). 

Longitude. 

By the longitude of a place, is understood the arc of the Earth's 
equator, between the meridian of Greenwich and the meridian of 
the place ; or, which is the same thing, the angle at the pole 
between those meridians. The Earth turns on its axis once in 24 
hours from west to east, which motion, to a spectator on the Earth, 
causes the Sun to appear to move in a contrary direction, and to 
make a circuit round the Earth in that interval. The equator is 
the only great circle which runs in an east and west direction on 
the Earth's surface, and therefore in 24 hours, the 860° of it 
will be passed over by the Sun. Hence in 1 hour, 15° will be 
passed over by that body ; in other words 15° = 1 hour. We have, 

1 hour = 15° . 0' . 0" 
1 min. =: . 15' . 0" 
1 sec. = . 0' . 15" 

This the connection between time and longitude. 

Now as the apparent motion of the Sun is from east to west, 
the day will begin in east longitude before it will commence in 
west; or places east of Greenwich, will have later time than 
Greenwich; and at places west, the time will be earlier. 

If therefore we are possessed of two time keepers, one showing 
the exact time at the place in which we are, and the other showing 
the exact time at Greenwich, at this instant at the place, the 
difference of these times will be the longitude of the place. If the 
time at the place be the later of the two, we then know we are east 
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of Greenwich ; if earlier, west of it. The following examples 
illustrate this : — 

Ex. 1. — A clock shows 5^ (Astronomical time) at a place, and the 
time at Greenwich, at that instant, is 8^; What is the longi- 
tude? 

8^ — 5^^ = 3^ = 45°, (since 1"^ =z 15°) 

and the place is west of Greenwich, since the time is earlier 
at place. 

Ex. 2.— Greenwich tune 18^ : at place 22^ ; diflference 4^ = 60° E, 
because the time at the place is later. 

Ex. 3. — In longitude 60° 15' W, the time is 8 p.m. January 7th ; 
Find the Greenwich time ? 

d. h. m. 8. long. 

Here time at place = Jan. 7 8 60° 15'W. 
Longitude (in time) = +410 4 

Greenwich time 7 12 1 6^0)24^1 



4h jm Q8 



Ex. 4. — The time at Greenwich is December 6th, 7 a.m. ; Find the 
time at a place in longitude 81° 30'W ? 

d. h. m. s. 

Astronomical date at Greenwich Dec. 5 19 

Longitude (in time) 5 26 

Time at place (earlier than Greenwich) 5 13 34 

Hence the following rules in use in Nautical Astronomy, 

1. To find Greenwich date, add, west longitude, to astronomical 
time at place ; subtract, east. 

2. To find longitude, take the astronomical diiBference between 
the time at place and that at Greenwich, and then, 

" If the Greenwich time be least, 
The longitude is east. 
If the Greenwich time be best, 
The longitude is west." 
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To Compute an Object's Azimuth 

Fig. 32. 




A 8 

Let S be the place of an object in the heavens, then PZS or 
AZS is its " azimuth." 

Let PS = p : PZ = /' : ZS = 0; then, 

cos PZS = cosj? - cosy .cos g 

sin 2" . sin 21 

But cos PZS = — cos AZS, (being supplements), 
and cos y = sin lat (T) 
COB g = sin alt (a) 
sin 2" = cos lat 
sin g = cos alt 

Substituting, 

««« A rza cos p — sin I . sin a 

— cos AZo ^ — ^ = 

COB / . cos a 
Add 1 to both sides, then 

1 - cos AZS = 1 + «>8i>-Bm?.sina 

COB Z . COS a 
__ COS I COB a + oosjp — sin Z sin g 
"" cos ? . cos a 

_ cos (a + I) + cos J? 
"" cos Z . COB a 

_ 2coB^(a + I +p). cos^ (a + l—p) 
""" cos Z . COS a 

Then, ifi(a + /+i?)= S 

i(a + l^p)=i(&^p) 
and 1 = cos AZS = 2 sin^ AZS, 

therefore, 2 sin« i AZS = ^ eosS.cos(S-j;) 

cos a. COB I 

or sin^ AZS = n/ sec a sec Z. cos S . cos (S —p) 

and the difference between the observed azimuth, and the com^ 
puted, is the " variation of the compass." 
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Without the Altitude. 

When the altitude is not observed, we have the polar dist p, 
and the colatitude f, and the hour angle h. Then by Napier's 
Analogies, 

Tan i (Z + S) = cos i Cp — ?') sec i 0? + T) cot i h 
and tan i (Z — S) = sin i (i? — f) cosec i{p + T) cot i h 

from which angle Z is obtamed, 
and the supplement of it is AZS, the true azimuth. 
If the polar distance p be greater than f, then the angle Z is 
greater than S: but if f the colatitude, be greater than^, S is 
greater than Z. In the first of these cases, the azimuth Z, = 
^ (Z + S) - i (Z - S), but in the latter, Z, z= ^ (8 + Z) - i 
(S - Z). 

Foa THE Amplitude op an Object. 

Let AZB represent the me- 
ridian : Z the zenith : P the pole : 
E the place of a body rising or 
setting : W the east or west point 
of the horizon. Then EW mea- 
sures its amplitude : PB the lati- 
tude: PE the polar distance of 
the object. Then by Napier's 
Bules for right angled spherical triangles, 

cos PE = cos PB . cos BE 
or cos^ = cos lat . cos BE 
and cos BE n sin EW 
= sin amp 
then cos^ = cos lat . sin amp 
or sin dec = cos lat sin amp 
whence sin amp z= sin dec . sec lat 

If a body rises either to the north or south of the equator 
(which passes through the east and west points), it will travel 
during the day on that side of the equator. Hence if a body has 
north declination, it will rise in the north east quarter of the 
compass, and if south, in the south east. 

Therefore the amplitude is of the same n&me as the declination, 
while bearings and azimuths depend upon the latitude, the former 
being of the same name, and the latter oontiary to the latitude. 




B 



NAViaATION AND NAUTICAL ASTRONOMY. 



77 




Latitude by Ivory's Method of Double AUittcdes,* 

This method, called from its 
inventor, " Ivory's Method," is 
of use in those cases where the 
declination of the body changes 
very slowly : or in the cases of 
the Sun and Moon, when those 
bodies reach their greatest 
northern or southern declina- 
tion, and the hourly change is 
small. The problem is gene- 
rally rejected when the ob- 
server is in the tropics. 

s Let B and A be the two 

positions of the object observed : Z the zenith ; P the pole ; NS the 
observer's meridian ; NLKS the horizon ; ZL and ZK two circles 
of altitude passing over the places of the body ; PA, PB circles of 
declination. Then ZA and ZB measure its zenith distances ; AK 
and BL its altitudes at the times of observation; and PA and PB, 
the polar distances, are considered equal which is the grand suppo- 
sition of the method. 

Bisect the angle BPA by PC, which bisects BA in C. JoinZO, 
and draw ZD perpendicular to PC. 

Then the angle BPA, in the case of the object being the Sun, is 
the elapsed apparent time between the observations, AK = a : 
BL :=z b: the angle APC (which is the half elapsed time) = h . 

Then AC is called Arc 1 ; OP, Arc 2 ; ZD, Arc 3 ; DC, Arc 4 ; 
DP, Arc 5 ; and ZP, the colatitude (the object sought). 

For Arc 1. 

In the right angled spherical triangle, ACP, 

Sin AC = sin AP . sin APC 
or sin arc 1 = sin jp.d. sin HET. 

For Arc 2. 

cos AP = cos AC . cos CP 
or cos^.^. zi cos arc 1. cos arc 2. 
whence cosjp.^. sec arc 1 = cos arc 2. 



* Modified by the late Edward Riddle, Esq., F.R.A.S., Head Master of the 
Nautical School, Greenwich Hospital. 
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For AicS. 

In the spherical triangles ZCA, ZGB, 

cosZAzzcosZC.oosCA + smZG.sinCAcos ZCA 

and cos ZB = cos ZC . cos CB + sin ZC . sin CB . 006 ZCB 

But cos ZA = sin AK = sin a 
„ cos ZB = sin BL =z sin d . 

and CA = CB 

and cos ZCA = sin ZCD (being complements) 
„ cos ZCB = — cos ZCA =z — sin ZCD 

Therefore, substituting, 

sin a =z cos ZC . cos CA + sin ZC . sin CA . sin ZCD 
sin ^ z= cos ZC . cos CA — sin ZC . sin CA . sin ZCD 

Snbstracting, 

sin a — sin ^ = 2 sin ZC . sin CA . sin ZCD 

Bnt sin ZC . sin ZCD = sin ZD 

for ZDC is a ri^t angle 

therefore, 
2 cos ^ (a + &) sin ^ (a — ft) = 2 sin CA . sin ZD 
or cos^ smn of alts x sin ^ diff = sin arc 1 . sin arc 3 

whence 
cos S . sin D . cosec arc 1 = sin arc 3. 

For Arc 4. 

Again, adding the two equations, 

sin a + Bin ^ =: 2 cos ZC . cos CA 

But in the right angled triangle ZDC, 

cos ZC = cos ZD . cos DC 

therefore, 

2 sin S . cos D = 2 cos ZD . cos DC . cos CA 

= 2 cos arc 3 . cos arc 4 . cos arc 1 . 

and, sin S . cos D . sec arc 1 . sec arc 3 = cos arc 4 

For Arc 5. 

CP z= CD + DP 

or arc 2 = arc 4 + arc 5 
and arc 2 — arc 4 = arc 5 
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For the Latitude. 

In the right angled triangle PDZ, 

cos PZ = cos PD . cos DZ 
or sin lat = cos arc 5 . cos arc 3. 

Siminefs Method of DoubU Altitudes. 

This method was published by Captain Sumner, of the United 
States Nayy, in 1842. 

One half of the Earth is always turned towards a celestial object ; 
therefore, if we join the positions of those places where the body 
appears on the horizon, the result will be a great circle, the pole of 
which has the object in the zenith. At all places lying on a small 
circle parallel to this, the altitude of the body will be the same ; 
such a circle is called a " Circle of Equal Altitudes," or a " Circle 
of Position." 

When an observation of a heavenly body is taken, the observer 
must be upon some circle of equal altitudes ; and after the body 
has changed its bearing considerably, and consequently its altitude, 
he will be upon another. The intersection of these two circles will 
give his position. This is the principle of Sumner's method. If 
we take only small portions of the arcs of such circles, we have 
straight lines intersecting, and these are called " Lines of Position." 
For the practical working of the method, let two latitudes be 
assumed, one on each side of the latitude by account. We have 
also the altitudes and polar distances of the object, at each obser- 
vation ; then the process is as follows : — 

With 1st alt : 1st sfisumed lat : and 1st polar dist : work a lon- 
gitude, . . (a) 

With 1st alt : 2nd assumed lat : and 1st polar dist : work a lon- 
gitude, {a') 

With 2nd alt : 1st assumed lat : and 2nd polar dist : work a lon- 
gitude, . . (b) 

With 2nd alt : 2nd assumed lat : and 2nd polar dist : work a lon- 
gitude . . {V) 

Now, if the four positions (assumed) of the ship be joined, two 
together, viz., a and &, and a' and d', the intersection of these lines 
will be the observer's true place. 
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Investigation. 



Fig. 85 
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Let the four positions 
thus obtained be laid 
down on a chart ; a and 
t joined give the line of 
position for the 1st alti- 
tude, and d and V for 
the 2nd. Draw a me- 
ridian QE through P, 

the intersection of a 6 

and ci V 

Then PQ is the correction for latitude, measured from a at : and 
a Q the correction for longitude. 

Let the diff long from a to &, viz., aW, = C 
the diff of assumed lats : QB = D 
the greater diff long given by either latitude aa' = A 
the less diff long given by either latitude 6 y = B 

Then, in the similar triangles, aV d and h P V^ 

W laa' :: PR: PQ 

(1) 



» 



» 



w 



hence -• = ^ 



or 



inverting, 



therefore. 



aa 
Add 1 to both sides, then, 

aa! PQ 

IV + aa! _ PR + PQ 
ac^ " PQ 
B + A_ BQ _ D^ 
~A PQ ■" PQ 

A _ PQ -. cor : for lat 



or 



A + B 



cor for lat = 



D D 

A X D 



A + B 

Again, in the similar triangles a QP and a^fh 

aQ : QP :: aW : W2> 
«Q _ «W 



or 



QP"" W& 



.. .n - «W X QP ^ X QP ^ C X QP 
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Bnt, as above, 



QP (cor for lat) = 
hence aQ (cor for long) = 



A X D 
A + B 
C X A X 



D 



D X (A + B) 

or cor for long = . ^ 

A + Jd 

It may happen that a, af^ b and b' bo fall that when a b and of V 

are joined, they must be produced in order to intersect, in which 

case, the obserrer's position is ontside the parallels a a! and bV. 

Then the difference in the proof is, that in equation (1), both sides 

are taken from unity, then, 

A X D 



cor for lat = 



and cor for long = 



A- B 
A X C 
A-B 



CJOERBCTION FOB ShIP'S EuN, 

The object of this is, to reduce the altitude of any object ob- 
served at one place, to what it would have been, if observed at the 
same instant, at another place. 

Suppose CB to be the distance 
run by the ship in the interyal 
between the observations, and 
wtCA the bearing of the Sun at the 
1st observation. From B draw 
BA perpendicular to CA, then CA 
is the correction for ship's run. 
The angle BOA is included be- 
tween the dir^tion of the ship's 
run and Sun's bearings, and 
CA = CB xcosBCA 
or cor = distrun x cos BOA 
This correction in minutes of arc is + to the 1st alt if BOA be 
less than eight points or a right angle ; if greater, the perpendicular 
BA will fall on CD, then, 

cos BOA = — cos BCD 
and the correction must be subtracted from the 1st altitude 

The dist run (CB) is found by multiplying the no. of miles run 
per hour, by the no. of hours in the interval. 

F 
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Direct Method of Double Altitudes. 
Fig. 87. Fig. 38. 





This method depends immediately upon formulae of Spherical 
Trigonometry already proved. Two observations of a heavenly 
body are taken ; the zenith and polar distances are known, and the 
polar angle between the two positions of the object. The compu- 
tation of the latter is the only difficulty in the problem. The rules 
for this are as foUows : — 

1. If the Sun be the object taken, 

The polar angle is the interval of apparent time between the 
observations. The interval shown by the chronometer is mean 
time. If therefore the equation of time be applied to each of the 
chronometer times ( + to mean time), the result will be the interval 
in apparent time, which must be reduced to arc. 

2. If two stars be observed. 

If the observations be simultaneous, the difference of their right 
ascensions is the polar angle. But should there be an interval, the 
difference between the times shown by the chronometer must be 
converted into sidereal time, by the " Acceleration Table," (Nau- 
tical Almanac). This is called the " sidereal interval ;" it must be 
added to the RA of the first observed star, and then the difference 
between this and the RA of the second star is the polar angle, to 
be reduced to arc. 

The computation is then as follows : — 

Fig. (37). Where PA and PB, the polar distances, are greater 
than PZ, the colatitude of the place. 
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(1) In the triangle PBA ; to find BA. 



Sin« e z= sin BP . Bin PA . co8« i P 



1 



Bm{P«;P^ 



-e} 



2 i 2 

(2) In the same triangle ; to find ^ PBA. 

Cos i PBA = n/ sin S . sin (S — PA) . cosec PB . cosec BA 

(3) In the triangle ZBA ; to find i ZBA. 
CosiZBA= V sin S . sin (S — ZA) . cosec ZB . cosec BA 

(4) i PBA - i ZBA =i PBZ 

(5) In the triangle PBZ ; to find PZ. 
Sin2 e = sinPB . sin BZ . cos ^i PBZ 

Sine^=8in{PB + BZ^,| ^.^|PB + BZ_,| 

and (90 - PZ) = latitude. 

Fig. (38). Where the polar distances are less than PZ, the 
oolatitnde. 

The only diflference lies in (4) 

Where i PBA + i ZBA = i PBZ 

The longitude is obtained with the altitude of the farthest star : 
latitude, and polar distance. 



Formula fob Cleaeing a Lunab Distabtcb from the Effbots 

OF Parallax and Eefraction. 



Fig. 39. 




Let Z be the zenith: ZM.m and ZaS, two 
vertical circles passing over the positions of the 
Moon and Sun, (or star). 

I. In the figure, suppose 
M to represent the true place of the Moon, 
^ 9> if apparent place of the Moon, 

S „ „ true place of the Sun, 

^ yt t? apparent place of the Sun. 

Then, since the Moon's parallax is always 
greater than her refraction, therefore M is above 
m. (See Article on Parallax and Refraction). 
And for an opposite reason, s is above S. Join 
mSf and MS. 
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II. In the inyestigation, let 

M° = the true altitude of the Moon, 
m° =: the apparent altitude of the Moon, 
S° =: the true altitude of the Sun, 
8° = the apparent altitude of the Sun, 
MS = D, (the true distance of centres), 
ms, = dy (the apparent distance of centres). 

Then, we know that in any spherical triangle ABC, 
Cos «i A =: sin i {b+c+a) sin ^ (&+c— a) cosec b . cosec c 

Apply this formula to the triangle Zms, then, 
Cos2iZ=sini(Zw+Z5+w5)sini(Zw+Z5— m*) cosec Zw cosec Z« 

But Zm zz zen dist of m = (90 — w°) 
«,nd Z5 = ... 5 = (90 — 5°) 
„ ma = d. 

Substituting, 
Cos s^Zzzsini |90— m+90— «+dl sin ^ |90— w+90^— d | 

cosec (90— m) cosec (90— «) 
izsini-j 180— w+5— rf > sin i ^ ISO^-m+s+d l secwi sec 

= sin -j 90— J(w+5— i) j-.sin-j 90— i(m+5+rf) Lsecmseca 

z: cos i (w+5— d) . cos i (m+«+^ . sec w • sec 5. 
Let ^{m+s+d)=:X 
Theni(m+«— ^) = (X— ^ 
Then, cos «^Z = cosX.cos(X— rf).sec»»Bec5. 
In the triangle ZMS, let 
Sin«d = sinZM.sinZS.cos2jZ 
Then 

orsin«6 =cosM.cosS.cos^^Z 

But cos^ i Z = cos X cos (X— rf) . sec m sec 8 
therefore, 
Si^ 9 = cos M cos S« cos X . cos (X— rf) . sec w sec 8. 
-anlin^D = sin {ZM+ZS + e| «i,|ZM+ZS^, I 



8 
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Now, 

ZM+ 

\—2 



fZM+ZS_^g)_ j OO-M + OO-a ^g) _ f l80-M + S ^g) 



and, in like manner, 

f ZM+ZS _p|^_j 90-M + 90-S _p| _ / 180-M+S g) 

={«-(4^»)} 

Substituting, we have, 
Sin«MS=sin{90-(^-e) }.8in{90- (M+^^e) } 

orsin«|!=oo8(M+S_g^^^^M+S^,^ 

The following method may be used with a table of versines (as 
given in the appendix to Inman's Navigation, p. 267). Let the 
true zen distances ZM and ZS be denoted by z and ^, and the two 
apparent altitudes (their complements) by a and a'. Let the true 
distance be represented by x, and the apparent by y. 

Then in the triangle ZMS, 

n^ y _ cos MS — cos MZ . cos ZS 

" Sin MZ . sin ZS 

_ cos a? — cos g . cos sf 

" sin g . sin g' 
and in the triangle ZmS, 

Cos Z — ^Q^ ^^ -' CQS mZ . cos Zs 
"" sin mZ . sin Zs 

_ cos y — sin g . sin a * 

"" cos a . cos a' 
therefore, 

Cos a? — cos g cos g^ _ cos y — sin a . sin a * 

sin g . sin g' cos a cos a' 

Add 1 to both sides, then, 
J , cos a? — cos gcosg ^ _ cos y — sin a . sin o f - 
sin g . sin g' " cos a cos of 



or. 



Sin g . sing^ + cos a;— cos g cosg^ __ cos a cos a' + cosy— -sin a sin a' 
singsing' cos a cos a' 
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but Bin^.Biiigf' — coB0cos«'=: — cos (0 + 0') 
and cos a COB a' — sin a sin a' = COB (a + a') 

therefore, 

Cos a? — COS (g + g") _ cos y + cos (g + a!) 
sin g . sin g' "" cos a cos at 

then, 
\ CoBSB— COB (g+g') > cosacosfl'= \ cosy+cos(a+a') j- singsing' 

or, 

I Cosaj-cosfg+0 1- = I COB y +COS (a+fl') I • ^^^^^^^/ 
I Jl J cosa.cosa 

Transposing, 

Cosfl? = cos(g+g')+|coBy + cos(fl+aO}.®^^^^^, 
^ I J cosa.cosa 

COS a cos a 
then, 

Cos a? = cos (g+g') + -{cosy + cos (a + a') f- 2 cos A 

=: cos {Z'\-^) + 2 cosy . cos A + 2 cos (a + «') • cos A 

But by Plane Trigonometry, 
2coBycos A = cos(y + A) + cos(y— A) 
and 2 cos (a + «') cos A =: cos (a + a' + A) + cos (a + a' — A) 
therefore, 

Cosaj= cos(g+g')+cos(y+A)+cos(y— A)+cos (a+a'+ A) 

+cos(a+«'— A) 
but versa; = 1 — cos a? 
or cos a? = 1 — versa; 

then, 

1 — versa; = A — vers {2+^)\ + A — vers(y + A)^ 

+ (1 — vers (y — A)^ 

+ A — vers (a + a' + A)^ + (l — vers (a + a* — A)) 
t.0., 

— vers a; = — vers (g + g') + A — vers (y + A)^ 

+ A — vers (y — A)^ 
+ (1 — vers (a + a' + A)) +(l — vers {a + a' — A)) 
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changing the signs, 
vers X =z vers (s — s') + vers (y + A) + vers (y — A) 
+ vers (a + »' + A) + vers (a + a' — A) — 4 

A Third Method of Investigation * 

For the True Distance 

In the triangle Zms^ 

n^« »7 _ cos W5 — cos 7i8 . cos Zw 

^^ BinZ. .BinZ». 

or COS 9»9 — cos Zd. cosZm=:sin Zs. sinZm.cosZ. 
Add sin TiS . sin Zmto both sides, then, 
cos 7»9 — cosZ^cosZm + 8iiiZ9.si]^Zm = sinZ5.sinZmcosZ 

+ sinZ^.sinZm 
then 
sinZ^.sinZm— sinZ9.sinZm.cosZ=sinZ«.sinZm+cosZ9CosZm 

— C0SW5 

= cos (Z*— Zm)— cos ms 
= 1 — cos WW— 1 +COS (Zs— Zm) 
or 

sin Z« . sin Zm (1 —cos Z) = 1 — cos ms— \ 1 —cos (Z*- Zm) i 

bnt 1— cosrzvers 
therefore, sin Zs . sin Zm . vers Znvers w«— vers (Z«— Zm) 
and sin Zs . sin Zm : 1 : : vers W5— vers (Zs— Zm) : vers Z 

It may in like manner be shown, that, in the triangle ZMS, 

sin ZS . sin ZM : 1 : : vers MS— vers (ZS— ZM) : vers Z 
whence, 
sin Zs . sin Zw : sin ZS . sin ZM : : vers f»5— vers (Z«— Zw) 

: vers MS — vers (ZS— ZM) 
then, 

sinZS.sinSM _ vers MS-vers (ZS-ZM) 
sin Zs . sin Zm vers ms— vers (Z^— Zm) 
and 

versMS-vers(ZS-ZM)=[verBma-vers(Zg-Zm)|.^!^^^-^"^™ 

^ I ) smZs.smZw 

or 

sin ZS.sinZM 



vers MS = -j vers w«— vers (Zs— Zm) > . ?i 



sm Zs . sin Zm 
+vers (ZS— ZM) 

♦ Andrew Mackay, LL.D., F.R.S., "on Longitude." 
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Let sin ZS . sin ZM _ -^ 
sin Zs . sin Zm ~~ 

then, 
vers MS = < vers f»«— vers (Z«— Zw) > .5+ vers (ZS— ZM) 

and let, -j vers f»«— vers (Za— Zw) i "5 = a 
then, vers MS = vers (ZS— ZM) + a. 

Fourth Method of Clearing the Lwnm Distance. 

In the figure where 

m :=: (L*s apparent altitude 

M = ([ 'a tme altitude 
S = *'s „ ,^ 
we have 

Cos ^z = COS i (^ + ^ + >^^) cos ^ (w + g — wg) 

cos w cos « 
_ 2 cos ^ (m + g + W5) cos ^ (fw + g — ms) 
"" 2 cos w cos « 
_ cos (m + g) + cos mg 
"" cos (m + «) + cos (m — «) 
_. 1 + COB (m + g) — 1 + cos ms 
1 + cos (w + «) — 1 + cos (m — «) 
1 — cos (180 — m + g) — (1 — cos ms) 

1 — cos (180 — m + «) — (l — cos (w — «)) 
_ vers (180 — m + s) — vers w« 



vers (180 — w + «) — vers (w — s) 

Let vers (180 — m + s) = A 
vers ms . = D 

vers (m — «) = B 

then, 

Cos 2J Z = j^-J 

or A — D : A — B :: cos 2J Z : 1 

In the same way, it can be shown that 

^ 21 7 _ vers (180 — M + S) — vers MS 
^ ^ vers (IRO - M + S) - vers (M - S) 
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Let vers (180 — M + S) = a 
vers MS = d 

vers (M — S) = b 

then, 

Cos 2* Z = ?-IL^ , and, 
a — 

a — rf:a — &::cos2jZ:i 
But 

A — D:A — B::cos2jZ:l 
therefore, 

A — B:A — D::a — ft:a — rf. 

^''^-^- (A-B) 

whence 

, . (A - D) ((z - b) 

''- "* (A-B) 

iP^^ifA Method of (Hearing the Lunar Distance. 
(1) To Clear the Distance from Refraction. 

In the figure, let sm be the apparent distance, Sn the distance 
cleared of Refraction,* and SM the true distance. From Z draw 
ZD perpendicular to sm, and bisect sm in E. From 8 draw Sa 
perpendicular to Sw ; and from M and f», draw M(?, and w6 per- 
pendicular to Sra. 

Fig. 40. 




Then in the spherical triangle Z«m, we have given the zenith 
distances, Z^, and Zm, and the apparent distance mSy from which 
the angles Tism, and Zms, may be found, thus, 
Cos^Z^wz: >/sin^(Za + 5W + Zm) sini(Z5 +sw-Zw)cosecZ« cosec «w 

and 
Cos^Zma = V Bini(Zm + ww + Z5)sini(Zm + m«-Z«)cosecZm cosec ms 
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The angles at the Moon and other object being thus obtained, 
the corrections for refraction are found as follows : — 

sS and mn represent the '^ refractions in altitude," and Sa and 
nb the corrections for refraction, to be applied to the apparent 
distance, sm, to give the " parallactic distance."* 

88 and mn can be taken from a Table of Refraction (e.g. Biddle, 
No. Ill), with apparent altitudes of the Moon and other object 
as arguments, then, the angles Zms, and ZnS, and Zsm, and ZSn 
being taken as equal, we have 

Sa = S^ . cos « Sa = B cos Zsm 
and nb =z mn cos mnb = B^ cos Zms 

where B and B^ represent the " refractions in altitude" 
then, St^ = «m + B cos Zsm + B^ cos Zms. 
Should the angle Zsm or Zms be found to exceed 90°, the term 
B cos Zsm, or B^ cos Zms, will be negative, and the signs must be 
changed, and the corrections applied accordingly. 

(2) To clear the Distance from Parallax. 

By Spherical Trigonometry, we have, in the triangle aZm, 

Cos sZ ; cos Zm : : cos sD : cos Dm . 
or, 
Cos sZ + cos Zm : cos »Z— cos Zm : : cos sJ) + cos Dm : cos sD — cos Dm 
but 

Cos sZ + cos Zm : cos »Z-cos Zm : : cot £5+?^; tan f^lZ^ 

And, similarlj, 
Cos «D + cos Dm : COB sD-cos Dm : : coti^±5^: tan ?5=5^ 

hence, 
Cot?2±^:tan?i=^::cot^:tan^=5^ 

or, 

TanZa+Zm cotZ£+Zm. ^^ Zs+Zm^ ^^ Z£-Zm ^^^Sm Sm 
2 2 2 2 2 2 

♦««5l^ + Dm 4.«^«D— Dm 
: tan . tan — 

2 2 

* Called the ^' Parallactic Distance," being affected by parallax only. 
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But tan . cot =z 1 
therefore, 

1 : tan 2fL^Z!» tan 2£Z^ :: 1 : tan-^±5»». tan *-5i:5«L 
2 2 2 2 

or, 
Tan ?i±^. tan ?£i:^=tan '^+^. tan f5=5^ 



2 2 



or, 



Tan^itan^^+^^'-tan*^-^. *^*"-^^ 
2 2 2 ■ 2 

Tan'P+P^: tan^^+^"^::tan^^-^'»= tan'^-^"^ 

But 

?»+5P = «E ; ^=5^ = DE (or arc 1) 

therefore 
TanDE (arcl)=cot ^ sumapp alts . tan idiff*app alts . cot^app dist 
and i dist-f DE (arc 1)=5D (arc 2) and Dm (arc 3) 
* i diff alts being = ^ diflF zenith distances. 
In the right angled spherical triangle ZsD, 

cos ZsD = cot Zs . tan sD 

and in the small triangle sSa, cos sSa, = ^p- 

angles Z^D and sBa being taken as equal . 
therefore, 

tan«D . cot,Z =^ or S« = *V^ 

8Q tan sZ 

But «S the corr°- of 0's alt for ref'- = 57" . tan Zs nearly 
therefore sa = 57" . tan «D (arc 2) 

And, in a similar manner for the two triangles ZmD and mbn, it 
may be proved that, 

rib the corr^- of d 's alt for ref*- =z 57" . tan Dm (arc 3) 
Again, in the triangles ZDm and Mm 

cos ZmD = tan Dm . cot Zm . 



nc 



and cos MnO (or ZmD) = ^ 



therefore 
nc 



^,=:tan Dm . cot Zm ; ornc =: nM tan Dm cot Zm 
nm. 
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But Mn or par*- in alt = hor par*- sin Zn . 
and Zm may be taken equal to Zn 
therefore 
nezzhoT par*- tan Dm oob Zn=hor par*- tan arc 8 . sec c '« app alt 

H^ice, 
Por^- log par*- in dist =por^- loghor par** + log cot arc 3 4- log cosec <[ '« 

^ ^ app alt 

X When the proportional logs are used in combination with 
other logs, the &ctors require to be inverted. 

Fob OoMPtJTiNa an Object's Altitude. 

First Method. 

^' The elements we require to 

P know before computing an 
altitude, are the polar distance 
of the objects; the colatitude 
of the place of observation; 
and the hour angle or meridian 
distance of the body. This, in 
the case of the object being the Sun, is the true apparent time at 
place : in that of any other object we must apply the rule, — 

Mean time at place + mean Sun's RA — object's RA 

= object's hour angle. 
In the figure, let PZ = ? (colat) 

„ „ PS = jp (polar dist) 

„ „ ZS = 21 (the zen dist) 

and the angle ZPS = h (the hour angle) 
then 2; is the element required, and 

cos 2; = cosjp cos ?' + sinjp sin 7 . cos ^ 

but cos A = (2 cos« ^h — 1) 
Then, 
cos = COSJP cos ? + sin^ sin ? . (2 cos« \h — 1) 

= COSJP cos ? — sinjp sin ^' + 2 sin^ sin ? . cos* ]^h 
= cos (^ + ?) + 2 sin I? sin ? cos* \h ' 

Let sin /? sin 7 cos * ^A =: sin *d 
and subtract both sides from 1, then, 

1 — cos = 1 — cos (p 4- /') — 2 sin «d 

or 2 sin« I = 2 sin« ^ ^ — 2 sin «d 



whence sin | =ysin (^' + fl) ein (£-±i - e) . 
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Second Method, 
As before, 

ooBZ =. cosjp COS 7 + sin^ eial cob h 

But cos A = 1 — 2 sin* ^A 
cos 2 =z cos I? cos 7 + sin /? sin ? (1 — 2 sin* ^A) 

= cos I? cos ? + sin^ sin ? — 2 sin /? sin f sin* ^A 
= cos ( jp — ?) — 2 sinjp sin H sin* ^A 
Add 1 to both sides, then, 

1 + cos 2=1+ cos ( ^— ?) — 2 sin p sin ? sin* ^A 
Let sinjp . sin F sin* ^A = cos* d 

z p — ? 
then, 2 cos* 5 = ^ ^^^^ ^ ^^^ *^ 

But it can be shown, that 
cos*^ — cos *2' = sin (q + p) . sin (q — p) 

therefore, cos | = Ain (d + £-Zj'^ sin (0 - ^-^^ 

Third Method. 
Fig. 42. 




s 

Draw ZQ perpendicular to PS, then by Napier's rules for right 
angled spherical triangles, we have, 

(1) Sin ZQ = sin ZP . sin P 
(from which ZQ^is found). 

(2) Cos ZP =z cos ZQ • cos QP 
or cos PQ = cos PZ . sec ZQ . 
(from which PQ is found). 

and PS - PQ = QS, 

(3) and cos ZS = cos ZQ . cos QS. 

This method is shorter and more advantageous than those above, 
since it is more convenient in the use of the logarithms : e.^., in 
(1) and (2), we have at sight, sin ZP and cos ZP ; sin ZQ and 
sec ZQ : cos ZQ in (3) ; from the occurrence of these terms, 
time is saved in the computation : the same elements being pre- 
pared beforehand as in the other methods. 
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Fourth Method of Computing Altitudes* 
In any spherical triangle ABO, 



Sin ^ =z / sin ^ (g + c — 5) . sin ^ (g + 5 — g) 

2 • V sin & . sin <; 

Hence, in the spherical triangle, ZPS. (See last fig.) 

Sin - = / ^^\{^ -^ P — I') sin j (g — j? -TQ 

2 V sin jt? . sin I 

orsin^sin^.sin2iA = sini(;3 +i? — ?) %m^{z^p-\- T) 

and sin jp sin?. 2 sin — =z 2sini(2? +i? — OsiniCs— jp + ?) 

= cos (^ — 7) — COS0 

= — cos 2? + COB (jp — ?) 

= 1 — cos« — 1 +cos(p — 7) 



= (1 — cos 2?) — (1 — COSjp — ?) 
sh 

hence, 1 — cos «= 1 — cosjp —7 + sinjp sin 7 2 sin-^- 

bnt^ — 7 = mer zen dist 
therefore 1 — cos = 1 — cos MZD + cos dec cos lat . 2 sin ^^h 

or sin alt = cos MZD — cos dec cos lat . 2 sin 2^ A 

But 2 sin — = 1 — cos A = vers h 
♦ 2 

therefore, sin alt = cos MZD — cos dec cos lat . vers h . 

Latitude by Single Altitude. 

When the time is known exactly, the latitude may be found as 
follows : — 

Yict, 43. We have given in the triangle 

^ ZPS the true apparent time, 

Q^- T "— -^-.^^ viz., the angle P ; the altitude, 

y^ \ ^\^ and consequently ZS, the zenith 

/^ Ny I ^ -^p distance; and the polar distance 

/ Ni/'^'^^ PS. From S draw SQ perpen- 

^ dicular to PQ, then. 

Sin SQ = sin SP . sin P 
(1) Sin SQ = sin jt? . sin h 
and cos PS = cos PQ cos QS 

* Dr. ^ackay "on Longitude." 
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whence cos PS . sec QS = cos PQ 

(2) Or cos jt? . sec <JS = cos PQ 

Again, cos ZS = cos ZQ cos QS 
whence cos ZS . sec QS = cos ZQ 

(3) Or cos z . sec QS = cos ZQ 
and PQ — ZQ = P^ (the colatitude) 

remembering that if PS the polar distance is greater than 90°, 
PQ njLUSt be subtracted from 180°, before using (3). 



Foe Computing Time op Sunrise. 



Fig. 44. 




Let NH represent the horizon : 
NZPH the meridian : Z the zenith: 
P the pole. Let R be the place of 
the Sun's setting. Then PR is 
his polar distance at setting : PZ 
is the colatitude : and ZR = 90°, 
and the angle ZPR is the apparent 
H time of sunset. Then, 

r a ZPR — CQS ^^ "" CQS ZP cos PR 
"" sin ZP . sin PR 

^^ «^« T. — cos 90 — cos colat . cos ».^. 

or cos h = ; =-- ; — ^— 

sm colat . sm^a . 

But cos 90° = 
hence cos A =z — cot colat . cot^.t?. 
or cos A =z — tan lat . cot^.<^ 

The — sign is thus compensated for. 

The lat is always under 90° : therefore tan lat is + . Then if 
the polar distance is more than 90° : cot ^ is — , and the signs of 
the expression are 

Cos A = — tan lat . cot j»(? 

or cos A is + and h is aoutBi 

If cot jp is +, («. e., if the polar distance be acute) cos h is — , 
and h is obtuse. In the form of a practical rule : If ^ is greater 
than 90°, h is less : and vice versd. To make h obtuse, it must be 
subtracted fronvl80°, for cos (180 — A) = — cos h. 
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Time of a Starts Rising ob Setting. 

The refraction of a body when on the horizon is 33'. As re- 
fraction increases an altitude, a body will appear to be on the 
horizon when it is really 33' below it: or 33' above it when really 
upon it. The dip also, we have seen, has the same effect, viz., to in- 
crease the altitude. Now, if we add the dip and refraction together 
algebraically, we have a negative altitude. Thus, if the height of 
the eye be 20 feet, 

/ u 

Dip =z — 4. 24 
Ref = — 33. 



Total — 37. 24 

This quantity is called the depressioil* 
Now, referring to the preceding figure, 

C^ ^ _ COB g - COB r C08i> 

Sin H sin^ 
_ sin alt •— sin ?. cosj ? 
"" cos Z sinjp 

Subtract both sides from 1, then 

1 - cos A = 1 - / sin alt -sin/ cos j? \ 

\ cosZsinjp / 

_ cos I sin jg — sin g 4- sin Z cosjp 

cos I sin^ 

_ sin ( j? 4- — sin fl? 
~" cos/sin^ 

But the + alt becomes — depression 
therefore 

1 - cos A =z s"i (<^ 4- 4- sin ^ 

COB Z sinjp 

or 2 sin ^ = ^ sin i (<^ + ^ + ^ cos j (a? + Z - ^ 
2 cos Z sinjp 

. A / 

^^ ®"^ 2 "^ J sin S , cos (S — rf) . sec Z cosecjp 

And if we subtract this angle from 24*», and to the result add 
the star's RA, and subtract the mean Sun's RA, we have the time 
of the object's rising. 
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Equation of Equal Altitudes. 

If two observations of the Sun be taken, one on each side of the 
meridian, and the altitudes thus obtained be equal, it will be found 
that the easterly and westerly hourly angles, at the times of obser- 
vation are not equal. In the interval between the a.m. and p.m. 
altitudes thus observed, the Sun's polar distance has been changing. 
Half the difference of the hour angles when the Sun had equal alti- 
tudes, therefore, is called the " equation of equal altitudes." It is 
defined as a correction to be applied to the middle time shown by the 
chronometer, resulting from the times A.M., and p.m. when the Sun 
had equal altitudes, to obtain the time shown by the chronometer 
at noon, or when the Sun was on the meridian. 

If equal altitudes of a fixed star be taken, as the polar distance 
changes so slightly in the interval, the star will be on the meridian 
at the true middle time of observation. Then the difference be- 
tween the middle time by chronometer, and the true time of the 
star's transit (found by subtracting the Mean Sun's RA from the 
star's RA), wiU be the error of the chronometer, when the object 
was on the meridian. 

Investigation. 

Referring to the triangle ZPS, as given in the " Investigation 
for computing the hour angle of an object," we have, 

Cos z •=. cos^ cos X -h sin^ . sin U . cos h 

An increase in the polar distance will produce a decrease in the 
resulting hour angle; let jt? become (^ -H c), then h becomes 
(Jh — 6), then, 

Cos 2=cos {jp + c) cos X -h sin (^ -h c) . sin X . cos {h—e) 

■zzqjo^P cos c cos I + sinjt? . sin c cos I -{- \ sin j» cos c sin Z' -f- cosji? 

sin f sin Z' > . x cos {h—e) 

ncos^ cos c cos ?' + sin^ sin c cos i'+ I sin p cos c sin I' + cosj> 

sin c sin ?' > X -j cos A cos e-h sin A sin e j- 

zzcos^ cos c cos If + sinj3 sin c cos I' -f- sinj!? cos c sin T cos h cos e 
+ cosp sin c sin I' cos hco&e-^ sinj3 cos c sin T sin h sin e 
+ cos^ sin c sin I' sin h sin e 

G 
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But and being smally their cosines = Inearly. 

=eoBj9coB^+Binj9sin(;cos^+sin^sin^GOBA+co8^sin(;sin7cosA 
+Binj?.Biny sinAsing+ cosj^Bincsiny BJnAsing 

But cos^ cos ? +Binjp sin T' cos ^ = cos s 

This destroys cos on the left hand side, and rejecting the last 
term, which contains both sin c and sin e, we have, 

Then 
= sinjp . sin c cos ? + cos jp sin sin 7 cos A 

+sinj9 sin ^ . sin A sin 6 
transposing and changing signs, 

sin^sin?BinA.sinezi8in<; -{ sin^cos ?— cos^ sin7oo8A > 

Divide by sin jp . sin ? sin A, then, 

sinerzsinc-! cot ? cosec A — cot^ cot A > 

But sin 0" = e" sin 1" nearly 

and sin cf' = c" . sin 1" „ 

then, 

e" = c" . tan lat cosec A — c tan dec cot A 

These parts are additive when the latitude and declination are of 
opposite names. Convert ef into time. And the " equation" must 
be applied + to the mid time by chronometer, if the Sun's ^(? is in- 
creasing (i. e., reckoned from the pole of observer's hemisphere), 
and — , if decreasing. 

The Effect of xs Ebrob in Altitude upon the Houb 
Angle Deduced from that Altitude. 

♦ (1) Coss=:cosjp cos 7 +sin^ sin f cos A. 

Let z become {z + x) 

then A becomes (A + y), and 

co&(2J+a?)=cosjpcos ?'+sin^ . sin 7 cos (A+y) 

cos z cos »— sin z sin a?=zcos^ cos f + sin^ sin I' cos A cos y 

— sin^ sin 7 . sin A sin y 
cos X and cos y, :;= 1 nearly, 
cos «— sin z . sin xzzoosp sin Z+sin^cos Zcos A— sin^ cos ?sin A siny 
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but COS 21 = cos^ sin ^ + sinjp cos Icob h (1)* 

Subtracting 

sin 2! sin a; =r sinjp cos 7 sin A sin y 

or, 

sin y sin z 

sin X "" sin^ cos / . sin ^ 

But sin^ : sin 2 : : sin AiS : sin A 
or sin^ . sin A = sin 2; . sin A21 

therefore, 

sin y sin z 1 

Bin a; "" cos ^ . sin 21 sin A21 "" cos Z . sin Az 

But 

?5J? z= U, nearly 
sin a; a; 

and y is the error in the hour angle 



» « » 



» 



» 



altitude 



therefore, 



Error in hour angle _ 
Error in alt " 



sin A21 . cos lat 



hence 



Error of hour angle = (error of alt) . sec lat . cosec Az 



When a Body is Obseeved upon the Prime Vertical. 

Let ZS be the prime vertical: 
then the angle PZS = 90° : S the 
position of an object ; then by Na- 
pier's rules, 

Cos PS = cos PZ . cos ZS 
or cosjp = cos ? . cos z 
whence (1) sin dec = sin lat . sin alt 

Again, sin 21 = sin^ . sin P 
(2) or cos alt = cos dec sin hour angle 

also, sin PZ = cot P . tan ZS 
• (3) or cos lat = cot hoar angle . cot alt. 
and cos P = cot^ . tan ^ 
(4) or cos hour angle = tan dec cot lat . 
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When the Object is on the Six O'clock Hotjb Circle. 

Fig. 46. 

In this cafie the right angle is at P : 
and by Napier's rules we have the 
following, — 

Cos0 =: cos 7 eosjp 
(1) or sin alt =: sin lat sin dec 
and cos Z = cot 21 . tan I 
(2) or cos azimuth = tan alt cot lat 

sin^ = sin 2J . sin Z 
or cos dec =: cos alt . sin azimnth 

When an Object is on the Horizon. 
(See fig. for Investigation of Amplitude). 
We have the angle ZPE = time of sunset 

PB z= latitude 
PE = polar dist 
then, cos EPB z= cot PE . tan PB 
(1) — cos hour angle = tan dec tan lat 

again, sin PB = cot EPB . tan EB 

sin lat = — cot hour angle . tan EB 
= — cot hour angle . cot EW 
(2) or sin lat =z — cot hour angle cot amp 

When a Body is on the Equator. 
Fig 47. 

Here PQS is the right angle. 

Suppose the altitude and hour 
angle to be known : to find the lat- 
itude, we have, 

QS = angle QPS 
for P is the pole of QS ; and 
Cos ZS = cos ZQ cos QS 
or sin alt =: cos lat . cos hour angle 
whence, cos lat z= sin alt . sec hour angle. 

Principle op the Sextant. 
The sextant is an instrument used for the purpose of measuring 
angles, and is moveable in any plane, so that the angular distance 
between two objects may be observed. The arc contains the sixth 
part of a circle, hence its name, but as the arc is graduated doubly 
fine, the instrument enables us to measure angles as far as 120^. 
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A similar bnt rougher instmment diylded less minutely and mea- 
suring angles up to 90°, is called a quadrant. The principle of 
both instruments is the same. 

Fig. 48. Let H and I represent 

two mirrors standing per- 
pendicular to the surface 
of this page. S the posi- 
-;r]b tion of any heavenly body. 
A that of an observer's 
eye. Ah his horizon. 
Then the angle SAH will 
measure the altitude of S, 
for it will be the same as 
the arc from S to ^ of a 
ci]fcle of altitude of which 
A is the centre. Join HI, 
make the angle SItw equal 
to the angle mlH. Pro- 
duce ml, and draw HK 
perpendicular to the sur- 
face of the mirror H, and 
meeting ml produced in K. Let the lines of direction of the 
mirrors I and H be produced to meet each other in n. 

Then the angle InH measures the inclination of the two mirrors 
I and H. We have first to prove that the incliaation of the 
mirrors measures half the altitude of the Sun, or that 

n =z^A. 

In the triangles IdK and H(?n. 

The angle IdK = Hew (Euc. 1. 15) 
and oIK = oRn (each 90°) 

therefore K = n. 

Again, in the triangle IHA, 

SIH = IHA + A (Euc. I. 32) 

• or i SIH = iIHA + \k 
i.e. mlH = IHK + iA 

But in the triangle IHK, 

mlH = IHK -h K (Euc. 32) 

hence, 

IHK -h iA =: IHK + K 
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omit IHE 
then i A zz K 
But K = n 
therefore n = ^ A 

The mirror I is entirely silvered : H is only half so. Supposing 
therefore an artificial horizon filled with liquid to be in use, the 
reflected image of S would be seen through the unsilvered part of 
the mirror H, while the true image of S would be seen in the 
mirror I, and be reflected in the silvered part of H, and two images 
of S would be seen through H. 

The glasses are attached 
to a framework, and to I 
is fastened a moveable ra- 
dius lY, so that as the 
extremity V is moved along 
the limb LV the inclina- 
tion of the glasses I and 
His altered. A graduated 
scale called the Vernier, 
(from its inventor, Pierre 
Vernier, 16dl),is attached 
to IV, and upon it are 
marked sub-divisions of the limb LV. 

In good instruments each degree is divided into six equal por- 
tions (10' each). The divisions of the Vernier are shorter ; for if 
each division on the limb be 10', then 59 such divisions would be 
590' or 9'.50", this constitutes the Vernier scale, and the value 
of each division upon it would be 10" shorter than the corresponding 
one on the limb. Thus six divisions of the Vernier are just 
1' shorter than six of the limb ; and if the six divisions of the 
Vernier were to coincide with any stroke of the limb, the zero 
point of the former would be just 1' in advance of the corresponding 
stroke on the limb. The ten minute divisions are divided into 
single minutes which are distinguished by longer strokes on the 
Vernier to facilitate the counting. 

Let n represent the value of a division on the limb* 
m on the Vernier 




Riddle's Navigation, pages 89, 90. 
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then mn = value of these in divisions, and this being divided into 
m + 1 equal parts giv e - ,i ^ for each division of the Vernier ; 

therefore n ; — r- = — ; — r- the difference between one 

w + 1 w + 1 

division of the limb, and one of the Vernier. 

But in the sextant n = 10', and if we wish to divide into 10", 

we have this equation, 

^ .r.H 10' ,^„ 600" 

^ . . = 10" or— -r-, = 10", or-— r-Y = 10" 

whence m = 59 
119 divisions of the limb are thus taken for the length of the 
Vernier. 

Adjustments, 

The adjustments are as follow : 

I. — To make the index glass I perpendicular to the plaae of the 
instrument. 

Turn the sextant with its face upwards and move the Vernier scale 
near to the centre of the limb ; then the half of the limb reflected 
in the glass should be contiguous to the half which is not 
reflected in it ; but if the reflected part appears lower than the 
true, tighten the adjusting screw and vice versd, 

II. — To make the horizon glass perpendicular to the plane of 
the instrument. 

Screw in the telescope, and look directly through it at a heavenly 
body, then if the reflected image does not pass over the direct 
image upon moving the Vernier, the adjustment can be made 
by placing the pin, to be found in most sextant cases, through 
the screw in the head of the horizon glass H, and turning it till 
the images pass exactly over each other. 

III. — ^To make the two glasses parallel to each other. 

Move the Vernier to zero so that on the Vernier shall coincide 
with on the limb. Look through the horizon glass, and then, 
if the edge of the horizon as seen through the unsilvered part, 
be contiguous to that seen through the silvered portion, the 
instrument is in adjustment ; if not, turn the lower screw at the 
back of the glass until the adjustment is complete. 

IV. — To make the axis of the telescope parallel to the plane of 
the instrument. 
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Make one of the wires in the focns of the telescope parallel to the 
plane of the instrument. Select two heavenly bodies not less 
than 90° distant from each othet, bring them together on this 
wire ; then by moving the instrument slightly, the two bodies 
can be brought to the other wire where they should be also in 
contact. If they are not, the adjustment can be made by 
moving a screw in the collar farthest from the instrument. This 
is called " coUimation error," and when once rectified is not liable 
to change. 

Care in using a Sextant. 
The following valuable information respecting the care that 
should be taken in handling this instrument, is extracted from 
" Pryde's Navigation," page 369, and it should be specially noted 
by learners : — 

1. When the brilliancy of two objects under observation is very 
unequal the telescope should be brought opposite the unsilvered 
part of the horizon glass by the large screw attached to the teles- 
cope collar, as the brilliancy is by this means rendered more nearly 
equal. 

2. In testing the adjustments, the great heat of the sun will 
affect the sextant, if it be too long exposed. 

3. The various powers of the telescope should be practised 
with, as a good observation often depends upon using a suitable 
|)ower. 

4. In observing an angle between two objects in motion, the 
beirit contact is obtained by setting the sextant a little in advance, 
and waiting for the contact. 

5. In taking lunar distances it is advantageous to set the 
Vernier a little in advance of the distance, screw in the telescope 
and await the contact. 

6. The screws, tubes, etc., should be turned, pushed in and out 
as little as possible. The sextant should be held by the handle 
when in use, and very careMly when taken out and put into its 
case, be held by its centre ; any rough usage destroys all adjust- 
ment and very soon tells upon the value of the instrument. 

Index Error, 

When a sextant is in adjustment and the index and horizon 
glasses are parallel, the zero-point or arrow-head on the Vernier 
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Bhould exactly coincide with 0° on the limb. These glasses are 
parallel, and in adjustment, when by pointing at any well-defined 
object, (the Sun for example), the reflected image from the index 
glass and the direct image as seen through the horizon glass, 
coincide with each other. If when the mirrors are parallel, it be 
found that zero on the Vernier falls to the right or left of 0° on 
the limb, its distance on the arc from 0° is called the index error. 

If zero falls to the left hand of 0°, or on the arc, then every 
altitude measured by the sextant will be too great, and the index 
error is — . If, on the contrary, the index fall to the right of 0°, 
every arc read oflf will be too little, and the index error is +. 

To Defermim the hidex Error, 

1. Sot the Ycrnier nearly at 0, and fasten it by the " clamp 
screw." Then, pointing to the Sun, turn the " tangent screw," 
until the reflected image coincides with the direct image. The arc 
read off from the limb is the index error -f or — . 

2. By pointing at the Sun as before, get a series of contacts 
between tiie limbs of the reflected and direct image on each side. 
The readings of the contacts on one limb will be to the left of 0°, 
or on the arc, and of the other, to the right of 0°. The latter 
readings (off the arc) must be taken from 10 if the sextant be 
divided into 10' divisions; or, from 15' if divided into 15'. A 
quarter of the sum of the two " means" of the readings will be the 
Sun's semi-diameter for the day; and half their difference the index 
error. 

Example, 

Readings Readings 

(Right) Off the arc. 
82' 80" 
82 45 
82 50 



(Left) 


On the arc. 




80' 


45" 






80 


50 






81 









8)92 


35 




L 


80 


51 


6 


R 


82 


41 


6 




4)63 


33 


2 


Sim's SD 15 


53 


3 



-f because R is greater than L 



8)98 5 

R 32-41 
L 30 51 


6 
6 


2)1 50 





I.E. + 55 
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The Artificial Horizon. 

The artificial horizon is a trough filled with liqtiid, in which 
when the sensible horizon is obscured, an altitude of a celestial 
body may be taken. Its use is confined in nearly every case to 
observations on shore. The following figure proves that the 
altitude taken in an artificial horizon, is double that measured 
above the sensible horizon. 

Fig. 50. Let B be the posi- 

tion of an observer's 
eye, then if S be a 
celestial object, the 
angle ^y is its alti- 
tude, and the image 
of S, viz., S' wiU 
appear to be as far 
below the surface of 
the liquid yx, as S is 
above it: or according 
to the principle laid down in optics, " The angle of incidence ^aoy 
at which a ray of light Sa? strikes a surface, is equal to the angle at 
which the body is reflected, viz., S'ajy." Join BS', meeting ywm 
X. Join 82;. Then as S is at an immense distance from B com- 
pared with a?, &c is parallel to BO. The angle OBS' is the angle 
measured with the sextant, in the artificial horizon yx. 

The angle OBS' = 180 — Sa?B 
But 9ay + Bxw z= 180 — SajB 
therefore, OBS' = Sicy -f Bxw 
But 9ay and Ba^, are equal, 

therefore OBS' zz 2 Sa?y 
or the angle measured is double the altitude of the object. The 
advantage in this is, that any error made, is halved in obtaining 
the altitude. " Merrifield's Navigation," p. 152. 




EXAMPLES FOR PRACTICE, 



IN 



PLANE AND SPHERICAL TRIGONOMETRY. 



EXAMPLES FOR PRACTICE, 



IN 



PLANE AND SPHERICAL TRIGONOMETRY. 



Plane Right Angled TRLiKGLBS. 
1. In the right angled plane triangle ABO, given, B =z 90°. 

o / // 

Given, AC = 230.5 : Z. A 63. 20. 10 : find the other parts. 

(!) By Ounter's Scale. 

Draw a vertical line xy. On the 
scale of chords extend the compass 
leg to 60°. Take a point in the 
line 2^ as a centre, and with this 
chord 60° as a radius, describe a 
circle 'of ykx» 

Prom y to A lay off y A = from 
the scale of chords = 36° 40' (z.0, 
the complement of A). From the 
scale of equal parts take OA = 230. 
Then from A draw AB perpendicular, 
to Qy, Then it will be found that 

on the same scale from which AO is taken, AB measures 137, and 

BO 185 nearly. 

(2) By Inspection. 

Enter the inspection table with angle as course 37°, and AO 
as dist 230 ; where under the dep column AB = 138-4 and BO 
(the d lat colunm) =r 183*7. 
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(3) By Computation. 
By referring to the formulaB for the solution of right angled 
triangles, since AC and A are given, we have, 

BO = AC . sin A, and AB =z AC . Cos A . 
whence 
logBCzzlogAC+logsinA— lOandlogABzzlogAC+logcosA— 10 
log AC = 2-362671 log AC = 2.362671 

log sin A = 9-904256 log cos A = 9776062 

BC = 184-8 . . . 2-266927 AB = 187-6 . . . 2-1387338 



In like maimer, by using the other formulaB which bring in the 
two given parts, all cases of right angled plane triangles may be 
solved. 

Oblique Angled Plane Triangles. 

CASE I. 

Where two sides and an angle opposite one of them are given, or 
two angles and a side opposite or adjacent to them. 

1. In an obUque angled plane triangle ABO, given AC =23-01 ; 
AB = 19-42 : Z.B = 39° 42' 15^ find the other parts. 

By referring to (Class VII. 1) Plane Trigonometry, it will be 
seen that in any plane triangle, ^^ the sides are to each other as the 
sines of their opposite angles," or that, 

a : ^ : : sin A : sin B 

In practice, the most convenient way of using this rule is : 

a : sin A : : i : sin B 
If in any example in this case two sides and one angle are given, 
begm with a side ; thus, a, b, and A are given to find B, 

a : sin A : : ^ : sin B 

^^ „. T> _ J . sin A 
or sm i3 zi . 

a 

Suppose A, B, and a are given, then, 

sin A : a : : sin B : ^ 

■L d • sin B • Tk A 

or J = — : — J-. = a sm B cosec A 

sm A # 

In the examples before us, AC, AB, and B are given. AC is 
opposite to B ; hence 

AC : sinB :: AB : sin 
and AC . sin = AB . sin B 
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/.,. c»-n n _ AB . Bin B 
or sin u = TT^i — 

AO 
log AB zz 1-288249 
log sin B = 9-805381 

11-093630 
log AO = 1-361917 

C = 32° 87' 2V sin 9-731713 
But since the three angles A + B + C = 180° 

and B = 39. 42. 15 
„ C = 32. 37. 21 

72. 19. 36 

180. 0. 

therefore A =: 107. 40. 24 

To compute the remaining side, we have three angles and two 
sides. Begin with an angle, thus : 

Sin B: AC :: sin A: BO 
or BO = AO . sin A . cosec B. 
log AO = 1-361917 
log sin A = 9-979003 
log cosec B = 10-194619 

BO 34-32 = 1-535539 
OASB n. 

Where two sides and the included angle are given. 

The rule for the solution of this case is to be found in (Olass 
VII. 2), Plane Trigonometry. When two sides, a, J, and angle 
are given, 

(a + J) : (a — h) :: tan J (A + B) . tan J (A — B). 
J (A + B) is found by subtracting angle from 180°, and 
dividing by 2 ; and when this is obtained. 

Tan i (A - B) = (^ - ^) > /an HA -f B) 

whence ^ (A + B) + i (A - B) z= A 
and i (A + B) - i (A - B) = B 
and the solution then depends upon the last case, with two angles 
and an opposite side. 
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Example: Given a = 29-85 : h = 21-65 : C 101° 81' 25"; to 
find the other parts. 

(a + ft) : (a - I) :: tan^ (A + B) : tan i (A - B) 
or 51-5 : 8-2 :: tan ^ (A + B) : tan J (A — B) 

C zz 101. 81. 25 
180. 0. 

2 )78. 28. 85 

i (A -f B) 89. 14. 17 

51-5 : 8-2 :: tan 89° 14' 17* : tan ^ (A — B) 
whence, tan HA -B)^^'^^^^,f;^^^^7^^ 

log 8-2 = 0-913814 
log tan 39° 14' 17" = 9-912055 

10-825869 
log 51-5 = 1-711807 

i (A — B) = 8° 0' 84" tan 9-11406 2 
i (A + B) = 39 14 17 '" 

A 47 14 51 
B 81 13 43 

To find AB 

SinA : BC :: sin C : AB 

AB zz BC . sin C cosec A 
log BC = 1-474944 
log sin C zz 9-991156 
log cosec A z= 10-134131 

AB 39-83 =z 1-600231 



CASE III. 

Three sides given to find an angle. By (Class VII. 4), where 
o, ft, c, are given. 
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Given AC = 24-87 : AB = 25-67 : BO = 31-25 ; find angle A. 
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a = 31-25 






h = 24-87 






c zz 25-67 






2)81-79 






S 40-89 


log 1-611617 


log h =z 1-395676 


a 31-25 




log c = 1-409426 


(S — a) 9-64 


log 0-984077 


he = 2-805102 


S(S-a) + 20 . . 


. . 22-595694 




he . 


. . 2-805102 




O / tt 


2)19-790592 




i A 38. 12. 28 


COB 9-895296 




A 76. 24. 56 


Another Method, 





The following method, though little used, will find an angle, 
when three sides are given. 

As the base, or longest side, is to the sum of the other two 
sides, so is the diflference of those sides, to the difference of the 
segments of the base, made by a perpendicular drawn from the 
opposite angle. Then the half difference added to half the base, 
gives the segment adjacent to the greater side, and subtracted, 
gives the segment adjacent to the less side. 

Example:— Given AB = 30 : AC = 21 : BO = 23. 




As AB : (AC + CB) :: (AC - CB) : (AD - DB) 

or 30 : 44 : : 2 : (AD - DB) 

88 
whence (AD — DB) = ^=z 2 . 93 

H 
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or by logs, log 88 = 1-944483 
log 30 = 1-477121 

(AD — DB) 2-93 = 0-467362 

i(AD--DB) 1-46 
i AB 15-00 , 
BD 16-46 
AD 18-54 

In the right angled triangle DAG, 

AD_ . 

AC - «*^ 
log AD + 10 = 11-131619 
log AC = 1-322219 

A = 49° 51' 9^ cos 9-809400 

Another Method far Case 11. 

The following may be adrantageously employed in the compu- 
tation of the third side direct, when two sides and the included 
angle are given. 

Oiyen b, Cy and A ; to find a. 

We know that, 

CosA = 5Li_$Zl^^ 

2 be 

and 2 bccoBA = b^ + (^ — cfi 

0Ta^=¥ + (^ — 2bcco&A 
but cosA = 2co82^A — 1 

therefore, 

a« = J« + c^ — 2 Jc (2 cos 2^ A — 1) 
=z ft2 + c^ + 2 Jc — 4 fe cos 2^ A 
= (J + c)« — 4 be cos ^ A 

Let 4 5c cos «i A = M* 
then «« = (& + «)* — M« 

or a = s/ (b + c + M).{b + c^M) 

Example : 

Given b = 216-8 : e = 314-7 : A = 112° 13' 
M = V 4 2>(J . cos «i A 
and a = >/ (5 + c + M) (b + c — M) 
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i A = 56° 36' 80' cos 



h 216-8 

c 314-7 

{h + c) 531-5 

M 287-5 

(2> + c + M) 819-0 
(J + c — M) 244-0 



9-740647 
2 

19-481294 

0-602060 

2-836059 

2-497897 

2 )4-917310 

2-458655 

. 2-913284 
. 2-387390 

2) 5-300674 
a = 447 = 2-650337 



log 4 = 

. log J = 

lege = 



log 
log 



Ambiguous Case op Plane Triangles. 
When two sides are given, and the angle opposite the less side, 
each of the unknown parts will have two distinct values. In the 
triangle ABC, if BO and AC are given, and angle A, from C as a 
centre, and radius CB, describe the arc BD, and join CD. Each 
of the triangles ABC, and ADC, has AC, CB, and angle A belonging 
to it. 

Example: In the triangle ABC, given, BC = 165 : AC = 232 
and angle A 21° 25' to find the other parts. 

Fig. 53. To find angle B 

BC : sin A : : AC : sin B 




or sin B = 



AC . sin A 
BC 



1st Solution B = 30. 53 

180. 

2nd Solution B z= 149. 7 B 30° 53' = sin 9-710472 



log AC = 2-365488 
sin A = 9-562468 

11-927956 
BC z= 2-217484 



1st Solution. 

O / 

B =z 80. 53 

A z= 21.25 

52. 18 

180. 

C = 127. 42 



2nd Solution. 

o / 

B = 149. 7 

A= 21.25 

170. 32 

180. 

C z= 9. 28 
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To find AB. 
Sin A : BC :: sin C : AB Sin A : BC :: sin : AB 

AB = BO . sin . cosec A AB = BC . sin C . cosec A 

logBCzz 2-217484 log BO = 2-217484 

log sin = 9-898299 log sin = 9-216097 

log cosec A = 10-437532 log cosec A =z 10-437532 

AB = 357-5 2-553315 AB = 74-32 1-871113 

To find the Area, % 

By (Olass VII. 8), 

Area zz V S . ( S- a (S - 5) . (S - c) 
Example : Given a = 30 : J = 45 : c = 50 : to find the area. 

a = 80 
J= 45 
g= 50 
2 )125 
S 62-5 log 1-795880 
(S — a) 32;5 log 1-511883 
(S — I) 17-5 log 1-243038 
(S - c) 12-5 log 1-096910 
■^"^ 2 )5-647711 
Area 666-6 = 2-823855 

The other expressions adapted to logarithms are, 

When two sides and included angle are known, 

Area = ^ aJ . sin 

And when the base and perpendicular are known, 

Area zz \ base x perpendicular. 

Spherical Triangles. 

CASE I. 

Two sides and the contained angle given, to find the third side, 

direct. 

Fiff. 54. 

In the oblique ^jigled triangle 

ABO, given 

AO = 120. 15. 30 

CB = 110. 45. 15 

= 45. 20. 30 

to find AB. 




•168093 
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By Formula 10, in Spherical Trigonometry. 

Sin« 6 z= sin AC . sin CB . cos^ \ C 

„. ^AB . f AC -f CB . ,1 . f AC -f CB ^1 
Sm2 -y = sin ^ 2 — + j- sm ^ ^ B\ 

C = 45. 20. 80 
^ C = 22. 40. 15 cos 9*965077 

2 

19-930154 
AC 120. 15. 80 sin 9-936394 
CB 110.45. 15 si n 9*970862 

2 )231. 0. 45" 2 )19-837410 

i (AC -f CB) 115. 30. 22 si n 9-918705 

6 ... 56. 1. 32 

\ (AC + CB) + ej 171. 31. 54 sin 9' 

i (AC + CB) - 6 1 59. 28. 50 sin 9-935233 

-' =T=T==^ 2) 19-103326 
20. 51. 55 sin 9-551663 

AB = 41. 43. 50 

CASE II. 

Two sides and the contained angle given, to find the other two angles. 
In the spherical triangle ACB, given a = 41° 30' : 
J z= 56° 16' : C = 39° 30' : find the angles A and B. 
By Napier's First and Second Analogies, 
Tan i (A + B) = cos J (a - &) . sec i (a + &) . cot i C 
tan i (A — B) = sin i (a — &).coseci(a + J) . cot ^ G 
C ^ 39° 30' 
^ C = 19 45 cot 10-444861 cot 10-444861 

h 56 16 
a 41 30 

2 )14 46 
i (& — a) 723 cos 9-996884 sin 9-108927 

2)97 46 
\{h -\- a) 48 53 sec 10-182042 cosec 10-122990 

^ (B 4- A) 76 36 tan 10-623287 tan 9-676778 

^ (B - A) 25 24 ===r 

B 102 Because h is greater than a 

A 51 12 
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OABE in. 

Three sides given, to find an angle. Given a = 12^ 10' 
b =: 15° 80' : c = 17° 80' : find A. 

By Formula 2, S^hmcal Trigonometry. 
Cos J A =: VSin S . sin (S — a) cosec b . cosec e 

O I 

a 12. 10 

b 15. 20 cosec 10-578101 
e 17. 80 cosec 10-525885 
2 )45. 

S 22. 80 sin 9*582840 
, a 12. 10 

(S - a) 10. 20 sin 9-258761 

2)19-985587 



i A 1 = 21. 47 cos 9-967793 
A = 48. 84 



BB 



OASE lY. 

Two angles and an included side given, to find the other two 
sides given A = 22° 40' : B 81° 50' : C = 21° 40' : find a and b. 

By Na^iefa Third and Fourth Analogies, 
Tan J (a + J) = Cos i (A — B) . Sec i (A + B) . tan i c 
Tan i (a - J) = Sin i (A - B) Cosec^ (A + B) . tan ^c 

o / 

c = 21. 40 
i (J = 10. 50 tan 9-281858 tan 9-281858 
B 81. 50 
A 22. 40 

2) 9. 10 

i (B - A) 4.85 cos 9-998609 sin 8-902596 

2 )54. 80 
i (B + A) 27. 15 sec 10-051090 cosec 10-889254 

i (J + a) 12. 6 ta n 9-881557 tan 8-528708 

i(5-a) 1.54 """" 

b 14. because B is greater than A 

a 10. 12 
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CASE V. 

Two sides and an opposite angle given, or vice versd 

By Formula 6, Spherical Trigonometry, 

Sin a : sin ^ : : sin A : sin B 
given a = 72° 10' : J = 31° 15' : A z= 62° 40' 
to find B 
By the above formula, 

Q. _ sin J . sin A . , . . 

Sin B =: — -T-—- — = sin J . sin A . eosec a 
sin a 

log sin ft = 9-714978 

log sin A = 9-948584 

log eosec a = 10-021385 

B 28° 56' sin 9-684947 

CASE VI. 

When three angles are given, to find a side. 

This is a case peculiar to spherical triangles only ; for in a plane 
triangle the size of an angle has no effect upon the lengths of the 
sides which contain it, and the three angles together can never 
exceed 180°. 

Example : Given A 59° 2' : B 72° 54' : 71° 18' : to find a 

By Formula 13, J^herical Trigonometry. 



Cos^ = 



a / 

2 = /cos (M — B) cos (M — C) eosec B eosec C 

o / 

A 59. 2 

B 72. 54 eosec 10-019636 
C 71. 18 eosec 10-023554 

2)203. 14 

M 101. 37 

(M — B) 28. 43 cos 9-943003 

(M — C) 30. 19 cos 9-936136 



2 )19-922329 
I = 23. 52 cos 9-961164 



a 
2 

a =z 47. 44 



120 



PLANE AND HPHEBICAL TEIGONOMETRY. 



CABS VII. 

RiaHT Angled Spherical Triangles. 

)5. In the solution of cases in right angled 

spherical triangles, the following formnlas are 
called into use, as proved on pages 48-49, B 
being 90^. 

for (J). 



- 


A 






(1) 


cos h 


= cos a . 


cos c 


y 


\ 




(2) 


cos b 


= cot A 
for A. 


. cot C 


/ 


1 




(3) 


cos A 


= cos a 


. sin C 


/ 








(4) 


cos A 


= cot J , 


tan c 


f 


/ 








for c . 




> 


J 




(5) 


sin c 


1= sin J . 


sin C 


c 


B 




(6) 
for 


sine 
a . 


= cot A 


. tan a 




(7) 


sin a zz 


sin h . 


sin A . 






(8) 


sin a == 


cot C . 


, tan c 










forC 








(9) 


cos 


C = 


cos c , 


sin A 








(10) 


cos 


C = 


cot b 


. ta.n a 





By means of these formnlae any case of right angled spherical 
triangles may be solved. 

It should be remembered in working out this case of spherical 
triangles, that it does not follow that we should have the unknown 
term on the left hand side of the equation, as in right angled plane 
triangles. 

One of the ten formulas above enumerated, must be chosen, 
which will bring in with it the two known parts, and the unknown 
part. 

It should also be noted that each part in the computation ought 
to be separate and independent of any computed part going before ; 
as it is obvious that if an error should be made in the computa- 
tion of any one part, all the rest of the work would be vitiated as 
involving that error. The above formulae wiU citable us to make 
each part independent in itself of every thing but the part given. 
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The following facts require to be committed to memory before 
entering npon the solutions :— 

I. — ^The sides about the right angle are of the same affeotion as 
their opposite angles ; that is to say, if A is obtuse BC is obtuse, 
if acute, acute. The same with AB and C. 

II. — ^The affection of the hypothenuse is determined generally 
from this equation: — 

cos i^ = cos a . cos (; 

where the affections of two terms being known, that of the third 
may be determined. For by reference to the circle (Plane Trigo- 
nometry) page 2, we find, that, the sines from to 180 are +, 
the cosines from to 90 are +, those from 90 to 180 are —. 
Therefore in the above equation should any part be — , it must 
be taken from 180° when computed. The quick use of the 
formulae according to the above directions, can only be acquired 
by good practice. 

Example 1 : In the right angled spherical trian^e ABO, given 
AB zz 100° 0' : BC = 60° 10' : to find the other parts. 

(1) To find AC (2) To find A 

Cos AC = cos AB . cos BC Sin AB = cot A . tan BC 

— — -f- 

cos AB = 9-239670 sin AB . cot BC = cot A 

cos BC = 9-969775 sin AB = 9-993351 

85° 2' cos 8-936445 cot BC = 9-758517 

180 '~ A 60° 32' cot 9-751868 

A C 94 58 '.' cos AC is — acute, because BC is acute. 

(3) To find C 
Sin BC = cotC. tan AB 
sin BC . cot AB zz cot C 

sin BC = 9-938258 
cot AB = 9-246319 



81° 18' cot 9-184577 

180 === 

C 98 42 obtuse, because AB is obtuse. 
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Example 2 : Given AC = 100^ 42' : A = 78° 10' 

(1) To find BC . (2) To find C 

Sin BC = sin AG . sin A Cob AC =z cot A . cot C 

Bin AC = 9-992382 cob AC . tan A = cot C 

Bin A = 9-990671 cob AC = 9*268734 

74° 6' Bin 9-983053 tan A = 1 0-678778 

acute, because A is acute. 48° 27' cot 9'947512 

180 

131 33 (see argument). 

(3) To find AB 

COB A = cot AC . tan AB 
cos A . tan AC = tan AB ^ 

cos A = 9-311983 
tan AC = 10-723649 

47° 20' tan 10-035632 
180 

AB = 132 40 (see argument). 

Arguments for C and AB. 
Cos AC = cos AB cos BC 

since cos AC is — : and cos BC is + : 
therefore cos AB is — , 

and AB is obtuse, 

and since AB is obtuse, 

C is also obtuse. 



Application op the Foemul^ op Plane and Sphebical 

Teigonometry, to the Solution op Problems 

in sueveying and asteonomy. 

(1) Questions involving the Solutions of Plane Triangles. 

Question I. — Being desirous of finding the distances between 
two distant objects D and C, I measured a base AB of 384 yards, 
on the same horizontal plane with the objects. At A I found the 
angle DAB 48^ 12', and CAB 89° 18' ; at B, the angle ABC was 
46° 14', and ABD 87° 4'. It is required fi'om these data to com- 
pute the distance between C and D. 
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Fig. 66. 




Here we have given, 

AB = 384 yards 

angle CAB = 89° 18' 

„ DAB = 48 12 

„ DBA = 87 4 

CBA = 46 14 

to find CD. 



yy 



(1) In the triangle CAB, we have CAB = 89° 18', CBA = 46° 14', 
and AB = 384, from which CB may be fonnd. 

ACB = 180° - (CAB + CBA) = 180° - (89° 18' + 46° 14') 

= 44° 28' 
Then, As, sin ACB : AB :: sin CAB : BC 
whence BC = AB , sin CAB . cosec ACB 
logBA= 2-584331 
log sin CAB = 9-999968 
log cosec ACB = 10-154595 
BC 548-1 = 2-738894 

(2) In the triangle DAB, we have DBA = 87° 4', DAB = 48° 12',. 
and AB = 384, from which DB may be found. 

ADB = 180° - (DBA + DAB) =: 180° - (87° 4' + 48° 12') 



Then, As, sin ADB 

whence DB = AB 

log AB = 

log sin DAB = 

log cosec ADB = 10-152546 

BD 406-7 = 2-609311 



- 44044/ 

AB :: sin DAB : DB 
sin DAB . cosec ADB 
2-584341 
9-872434 



(3) In the triangle CBD, we have CB =z 548-1, BD = 406-7 and 
the contained angle CBD = the difference between DBA and 
CBA = (87° 4' - 46° 14') = 40° 50', to find angles BDC and 
BCD. 



CBD= 40.50 

180. 

2 )139. 10 

i (C + D) = 69. 35 
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Then,AB,(CB+BD) :(CB-.BD)::tani(D+C) :taiiJ(D-C) 
or tan i (D-0)= (CB - BD^^n i (D + C) 

_ (548-1 — 406-7) . tan 69^ 35^ 

" (548-1 + 406-7) 

_ 141-4 . tan 69^ 35^ 

" 954-8 

log 141-4 = 2-150449 

tan 69° 35' = 10-429191 

12-579640 
log 954-8 = 2-979912 

i (D — C) 21° 41' = 9-599728 

i (D .+ C) 69 35 

BDC 91 16 

BCD 47 54 

(4) In the triangle CBD, we have all the angles, and CB and BD, 
to find CD. 

As sm BDO : BC : : sin CBD : CD 

or CD = BC . sin CBD . cosec BDC 

log BC = 2-738860 

log sin CBD = 9-815485 

log cosec BDC = 10-000106 

CD 358-4 yards = 2-544451 

Answer, 358-4 yards. 
Question II.— The angle of elevation of a hill, near its base, is 
31° 18', and 214 yards farther off, it is 26° 18'; required, the per- 
pendicular height of the hill, and the distance of the perpendicular 
from the first station. 

^ig- 57. Let AB represent the per- 

pendicular height of the hill, 
C the first station, and D the 
second. Then we have 

CD z= 214 yards 

angle ACB z= 31° 18' 

„ ADB = 26 18 

^ to find AB and BC. 

The angle ACD = (180 - ACB) =: (180° -^ 31° 18') 

„ = 148° 42' 
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AC 

. cosec DAC 



(1) In the triangle ACD, the angles ACD and ADC are known, 
and the side DC, from which AC may be fonnd. 

DAC = 180° - (ACD + ADC) 
„ = 180° - (148° 42' + 26° 18') 
„ — o 

Then, As sin DAC : DC : : sin ADC : 
whence, AC = DC . sin ADC 

log DC = 2-330414 

log sin ADC = 9-646474 

log cosec DAC = 11-059704 

AC 1088 = 3-036592 

(2) In the right angled triangle ABC, AC and the angle ACB are 
known, whence AB and BC may be found. 

AB = AC . sin ACB BC = AC . cos ACB 

log AC = 3-036629 log AC = 3-036629 

log sin ACB = 9-715602 log cos ACB = 9-931691 

AB 565-2 = 2-752231 BC 929*6 = 2-968320 

Answer /Height of hiU = 565-2 yards. 
isjiBwer, -^ j).g^ of perpendicnlar = 929-6 yards. 

Question III. — ^Having measured a base of 260 yards in a straight 
line, close by the side of a river, I found that the two angles, one 
at each end of the line, subtended by the other end, and a tree 
close to the opposite bank, were 40° and 80° ; what was the breadth 
of the river? 



Fig. 58 




We have AB = 260 yards 
angle CAB = 40° 
„ CBA = 80° 
to find CD, the perpendicular 
from C on AB. 

(1) To findBC. 



ACB = (180° - CAB + CB A) 
= (180° - 40° + 80°) 
= 60° 



Then, As, sin ACB : AB :: sin CAB : CB 
whence, CB = AB . sin CAB . cosec ACB 

log AB = 2-414973 

log sin CAB = 9-808067 

log cosec ACB = 10-062469 

CB 192-9 = 2-285509 
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(2) To find DC. 

DC = BC . sin CBD 

log BC = 2-285509 
log sin CBD = 9'993351 

DC 190 = 2-278860 

Answer, 190 yards. 

Question IV. — ^A cape was observed to bear jBrom ns NW, and 
another headland to bear NNE^E. Standing away ENEJE 28 miles 
we found the first bore from us WNW, and the second NftW^W : 
required the bearing and distance of the cape from the headland. 

^' ' Let A represent the first 

position of the observer, D the 
second, C the cape, H the head- 
jK land, and let Hm, A/, KD, Da:, 
and A^ represent north, south, 
east and west lines. 

Then, we hare. 

Bearing of cape from A = NW = 4 points = /AC 

„ headland from A = NNE^E = 2^ points = /AH 

hence CAH zz 6^ points. 
And the direction of AD being ENE^E, the angle DA^ z= 1^ 

points, Ag being an east line. 
Then since fAg = 8 points, and /AH =r 2^ and DA^ = 1^, 

therefore HAD = 4 points, 
and CAD = CA/ (4) + /AH (2^) + HAD (4) z= 10^ points. 
Again, 
Bearing of cape from D = WJNW =: 6 points = KDC 

„ headland from D = N JW^W = IJ points z= KDH 

hence CDH = 4| points, 
but KDC = 6 points, hence GDx = 2 points 
and a;DA = DA^ = IJ points 
therefore HDA = 8 points 
(1) To find AC 

CAD = lOi points 
CDA =_3i 

14 
16^ 

ACD= 2 
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As sin ACD : AD :: sin ADO : AC 

or sin 2p : 23 : : sin S^p : AC 

whence AC i= 23 . sin 3^ cosec 2 

log 23 = 1-361728 

sin 3i = 9-802359 

cosec 2 = 10-417160 

AC 38-13 = 1-581247 

(2) To find AH 

In the triangle HDA, we have HDA = 8 points, (90°) : 
and AD = 23 : and HAD = 4 points, then 
HA = AD . sec HAD 
log AD = 1-361728 
log sec HAD z= 10-150515 
AH 32-52 = 1-512243 

(3) To find angles ACH and AHC, 

In the triangle CAH ; CA = 38-13 ; AH = 32-52 

and CAH = 6^ points 
as 

(AC+ AH) : (AC- AH) : : tanKAHC+ ACH) : tani(AHC-ACH) 
or 70-65 : 5-61 :: tan 4} pomts : tan i (H— C) 

or tan HH - C) = ^-:51^^:fE22^ 

log 5-61 = 0-748963 
log tan 4} points =: 10-129801 

10-878764 
log 70-65 = 1-849112 

i(H — C) 6° y...tan 9-029652 

i (H + C) 53 25 . . . (4} points) 
AHC 59 31 
ACH 47 19 

(4) To find CH 

As sin ACH : AH :: sin CAH . CH 
or sin 47° 19' : 32-52 : : sin 6i points : CH 
therefore, CH = 32-52 . sin 6^ points . cosec 47° 19' 
log 32-52 = 1-512284 
log sin 6i points = 9-980885 
log cosec 47° 19' = 10-133647 

CH 42-34 = 1-626816 
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(5) To find the bearing of C fipom H, 

AKm = 2i points =: 28° 7' 
AHC = 59 81 

hence GHm, the bearing of from H = 87 38 

Atiawot. /Distance CH zz 42-34 miles. 

^^^^^ \ Bearing of Cape from Headlaad S 87°38' W. 

Question V. — ^Prom the top of a mountaiQ, 3 miles in height 
the visible horizon appeared depressed 2° 13' 27" ; required the 
diameter of the earth, and the distance of the bonndaiy of the 
visible horizon. 



Pig. 60. 




In the figure, let BA = h 
the height of the eye ; CE = 
CB = r ; the angle DAE the 
depression of the horizon = 
A; and AE the distance of 
the boundary of the visible 
horizon = d. Then 

AC _ r+h _ h 

CE - r - ^ + r 

but -^j= = sec C, therefore 
sec C = 1 + — 

T 

but C = A(see Investigation 
for " Dip "), therefore 



. = 1 + * ; or 

COS A r 



cos A r 



*• *•' cos^ = f ' (^^ ^^ Equation I) 

. . EC ^ ^ . r cos C cos A ,^ ^. ^^. 
Agaan, ^ = ootO; ue., g = -^^ = ^-^-j-CEquation II) 

multiplying (Equation I) (by Equation II), we have, 

h r_ l— cosA cos A_ 1 —cos A_ 2 sin^ ^A ^_. j^a 
r 5"" cos A sin A"" sin A ""2 sin ^A. cos ^Ad" ** 

or h zz: d . tan ^ A 
and ^ = ^ . cot ^ A . 
log d == logh + log cot ^ A 
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log A = log 8 = 0-4771?! 
log cot ^ A = log cot 1° 6' 43" = 11711996 

^154-2=: 2-189117 



Again, r 
d 



: rfcot A 

: 154-2 log = 2-188084 

log cot A =z 11-410740 

r = 3970 = 3-598824 
2^ ■ 

7940 

Answer -f ^^^^^^^ of horizon" 154-2 miles 

' ( Diameter of earth (nearly) 7940 miles. 

Question VI. — ^A statue 12 feet high, stands on the top of a 
column whose height is 48 feet above the level of the eye ; at 
what distance from the base of the column on the same horizontal 
plane will the statue appear under the greatest possible vertical 
angle, and what will that angle be ? 



Fig. 61. 




Let BC represent the height of the 
column 48 feet; AB that of the 
statue 12 feet ; then describe a circle 
whose circumference shall pass 
through the two points A and B, 
touching PC in P; join AP and 
BP ; then APB wiU be the greatest 
possible angle under which the 
statue wiU appear, on the plane PC. 

Then by (Euc. III. 36), since PC 
touches the circle, and CA cuts it, 



both lines being drawn from the point C, therefore 

AC . CB iz CPg 

or >/ AC . CB =z CP 
*. «., >/ ( AB + BC) . BC = CP 
«.«., >/ (12 + 48). 48 = CP 
whence CP = 53*7 



= tan BPC 



In the triangle BCP 
BC 
CP 
log BC = 11-681241 

log PC = 1-729974 

APC 48° 10' tan 10-048177 BPC 41° 47' tan 9*951267 



In the triangle ACP 
^ = tan APC 

log AC = 11-778151 
log CP = 1-729974 
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And APC -- BPC = APB 
APC z= 48^ 10' 
BPC = 41 47 
APB = 6 28 

A«-^o^ f Dist 58-7 feet 
^«^^^^ { Angle 6° 23' 

(2) Exercises in ^herical Triffj&nemsiry Ap^ied to Astro7iomy. 

Question VII.— ffn ktitufle §0° 48' K, the altitude of the Sun 
was46°20'(deereasing),andfcheSun's declination was 23° 27' 45" N, 
find the mpparent time of observation. 

(See fig. in Inyestigation for Hour Angle). 

We have ZP (colatitnde) = 39° 12' 0'' 
m (zen distance) = 48 40 
PS (polar distance) =66 32 15 

With these elements, it is required to find the angle P, the westerly 
hour angle of the Sun, which measures the apparent time. (See 
Definitions Nautical Astronomy). 

Cos i ZPS = >/ sin S . sin (^ — ZS) oosee ZP oosec PS 

o • / // 

PS 66. 32. 15 oosec 10-037478 
PZ 39. 12. 00^ 10-199268 
PS 43.40. 



sin 9-984834 
sin 9-71228d 





2)149. 


24. 


15 




S 


74. 


42. 


7 




ZS 


43. 


40. 





(S 


-ZS)^ 


31. 


2. 


7 






o 


/ 






iZPS 


22. 


9. 


33 
2 




p 


44. 


19. 


6 




6,0)'l 






4 




7v7. 


16. 


24 


(In 


time) 


^ 


57. 


16-4 



cos 2 )19'933355 
cos 9-966677 



Answer, 2 57 16-4 PM. 

Question VIII. — The altitude of a star, when due east, was 10°, 
and when due south, 40° ; find the latitude. 
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When an object is on iihe prime vertioal, (i e., when due east or 
west), we have 

(1) Sin dec = sin alt . sin lat . (See Investigation). 

And when on the meridian, 

(2) L2Lt = zd + dec 
or lat — a? = dec 
and sin (lat — gdf ) = sin dec 
«. e,y sin lat . cos 2^ — cos lat . sin 2?^ = sin dec 
Let the altitude when due south = a' 
then sin lat . sin a' — cos lat . cos a' = sin dec (3) 
But the declinations when due east, and when due south, being 
considered equal, we have by (1) 

Sin dec = sin alt sin lat 
and by (3) 

Sin dec =: sin lat . sin a' — cos lat cos a! 
Equating these values, 

sin lat . sin a' — cos lat . cos a' = sin a . sin lat 

Dividing by sin lat 
sin a' — cot lat cos t^' = sin a 

or sin a' — sin a = cot lat . cos c^ 

whence sin a' - sin a 

^^« ^ = cot lat 

cos a 

But, in the question, a =z 40°, and a = lO*', 
therefore, 2 cos ^ {a' + a) . sin ^ {a' — a) . sec a' = cot lat 
or 2 cos 25° . sin 15° . sec 40° = cot lat 

log 2 1= 0-301030 

log cos 25° = 9-957276 

log sin 15° = 9-412996 

log sec 40° = 10-115746 

lat 58° 31' . cot 9-787048 

Question IX. — ^Given the Sun's altitude at six o'clock, and the 
hour angle when setting : to find the latitude and declination. 

When an object is on the six o'clock hour circle- (See Investi- 
gation). 

Sin a = sin df . sin ? (1) 

When setting, 

Cos hzz tojid .t&a I . (2) 

sin ^ . sin / 

or cos h = :, . (3) 

cos a . cos ^ ^ ^ 
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Diyiding (1) by (S). (The declinations being equal). 

sin a sin J . sin { cos J . cos Z 
5 X 



or 



COB A "" 

sin a 



sin J . sin / 



;^^^ = COSrf.COB/... (4) 

But Bin a = sin e^ . sin / . . . (1) 
Adding (1) and (4), we have, 



sm a 



COB 



7 + sin a z= 008 J COB / + sin ^ . sin / 



and 



Bin a 



cos 



T" — sin .« = COB d COB / — sin rf . Bin Z , by 



Subtracting (1) from (4) 
therefore, sin a -j , + 1 i = cos (d — ?) 

and sin « -I — ^ — 1 > =z cos (rf + J) 

f 1 + cos A 1 . , -. 

••^- ®^^ ^{ cosh I = COB (^ - 

(1 — cos h) 

iin a < 7 — > = 

( cos A J 



and sin 



cos {d + T) 



or sin a . 2 cos^ JA . sec A = cos (rf — ?) 
and sin a . 2 sin^ ^A . sec A = cos (^ + 
and from these two equations, d and /, (the declination and lat- 
itude), may be found. 

Question X.— «At noon on the shortest day, the shadow of a 
perpendicnlar stick wafi 7 times as long, as its shadow at noon, 
on Uie longest d^y : required the latitude, the declination being 
23° 28\ 

^^^' ^^' Let the circle MZD represent 

the observer's meridian, Z the 
zenith, Q the point where the 
equator meetB the meridian. S' 
the Sun's place at noon on the 
longest day (dec 28° 28' N), and S 
his place at noon on the flhortest 
^ day (dec 23° 28' S) represented by 
QS' and Q8. Let AB be a perpendicular stick, S'C and SD rays 
of light, casting the shadows BO, and BD, on each day. 
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Then, since S'Q = SQ = 23° 28' 

Therefore 8S' = 46^ 56' 

Let BO = X, then by Question BD = 7x 

and let BA = y. 

Then 88', (46° 56') meaflnres SAS' = CAD 

Let ADO = 6, then, since 

AOB = OAD + ODA (EucUd, L 32) 

therefore AOB = (46° 56' + 6) 
Now, in the right angled triangle ABD, 

1. = ton 6 

7x 



therefore, 



and in the right angled triangle ABO 
U = tan AOB z= tan (46° 56' + 0) 

X 



tan(9 1 



tan (46° 56' + 0) "" 7 

or7tan6 = tan(46°56' + 6)= ^ ^6° 56' + tan e^ 
ui t uuLu ti*uv*u uu -r ; 1 - tan 46° 56' tan « 

whence we have, 

7 tan 6 — 7 tan 46° 56' tan «fl = tan 46° 66' + tan ft 

or, tan 8ft — --_A— — . tanft = — 1 
' 7 tan 46° 56 7 

and 
tangft- ^^ ?.o../ <^a^^+ .n. o^.oo ^o^ ^-l-^ 



7 ton 46° 56' 49 tan* 46° 56' 7 49 tan* 46° 56' 

_ 9 --7 tang 46° 56' 
49 tan« 46° 56' 
whence, 

^^^ >/9-7tan8 46-56'- -3 

7 tan 46° 56' 

The value of 7 tan* 47° 56' may be found by logs to be = 
8-011 ; and that of 7 tan 46° 56' to be 7*489 

hencetaiift^^-'^'^^^ + ^= -±- nearly 

7-489 7-489 ^ 

from which ft = 28° 6' 26' 

But (ft, the angle ODA) is measured by the opposite arc SM, 
which is the 8un's altitude on the shortest day, at noon. 
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O I H 

Then since mer alt = 28. 6. 26 



mer zen dist =: 61. 58. 34 
declination = 23. 28. 



whence latitude = 38. 25. 34 nearly. 

Question XI. — ^The length of the shadow of a perpendicular 
object was 4 feet, and its longest, when sloping, was 5 feet; 
required the Sun's altitude. 

Fig. 63. 




Let AB represent the object when perpendicular, and AC when 
sloping; 8BD and SCE rays of light from the Sun at S. These 
lines may be considered parallel, as coming from a great distance, 
and cutting AC at right angles, and making the angles SDH and 
SEH equal. 

AD (1st shadow) = 4 feet 
AE (2nd „ ) = 5 „ 

and SDH = SEH = Sun's altitude. 

Then 2^ = tan BDA, or 5^ z= tan alt 
AD 4 

and ?!; = sin CEA, or ^ = sin alt 
AE 5 

Therefore,?HL4;=-^x * =t 
tan alt 5 BA o 

or cos alt = - , whence 
5 

alt = 36° 52' 15". 

Question XII. — ^In latitude 45° N, the meridian altitude of the 
Sun was 30° : show that the tangent of quarter the length of the 

day, = — -^. 
4/3 



R S 

length of the day. 
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Let RN represent the horizon ; 
RZPN the meridian; Z the 
zenith ; P the pole ; S the Son's 
rising point; PS his polar dis- 
tance ; and ZS his zenith distance 
(zz 90°). Then the angle SPS', 
the interval between his rising^ and 
^ coming to the meridian =. ^ the 




f.e. 



^ fTT^d /Tx cos ZS — cos ZF . cos PS 
Cos ZPS (h) = sin ZP sm PS 

and since ZS = 90° 

cos A = cot ZP cot PS 
= tan lat. cot^ 
Now since lat =z g^ — dec 
45° = 60° - dec 

whence dec = 15° and^ =105° 
therefore, cos A = — tan 45° cot 105° = — 1 . x — cot 75^ 

= + cot 75° 

or sec A = tan 75° = tan (45 + 30) _ 

-. 1 -f tan 80 _ 1 + i>/3 
1 — tan 30 ~ 1 — ^>/3 

sec A — 1 _ f>/3'_ 2x/3 _ x/T— i_ 
" 2 "" 6 ■" 3 "" >/3" 

1 1 — cos A 1 

ys ' 1 + cos A ^3 



%.0. 



or 7-^; — 7- 

sec A + 1 

cos A "" 


cos A 

2 sin 2 



1 A 1 

oj. = ":— whence tan— =z 7-7= 
2 cos 'I ^/^ ^ V3 

1 1 

or tan - length of the day = ^~r- 
^ V 3 

Note. These questions are to be found in "Jean's Trigonometry" (Part 
I). They are inserted, being likely to prove useful in the Solutions of the 
MisceUaneous Examples at the end of this Work. 
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EXAMPLES FOR EXERCISE- 



HiGHT Angled Plane Tbiangles. 

In the right angled plane triangle ABC, given 

1. AB = 366-2 : A = 47° 30' 15" : find the rest. 

Ans. AC 54(>-6 : BC 3^-6 ; C 42° 29' 45' 

2. BC = 395-4 : A = 39° 15' 40' 

Ans. AC 624-9 : AB 483-8 r 50° 44' 20*^ 

3. AC = 360-7 : C = 51° 26' 15" 

Ang. AB 282 : BC 2248 : A 38° 33' 45'' 

4. AB = 31-15 : C 29° 10' 15" 

Ang. AC 63-9 : BC 55*8 : A 60° 49 45" 

5. BC = 16-95 : C 69° 10' 30" 

Ans. AC 47-67 : AB 44-55 : A 20° 49' 30" 

6. AC = 12-25 : BC = 695 

Ans. AB 10-08 : A 34° 33' 55" 

7. AC = 26-05 : AB = 2-97 

Ans. BC 25-88 : A 83° 27' 12" 

8. AB = 81-256 : BC = 30-1 

Ans. AC 86-65 : A 20° 19' 34" 

9. AC = 21^1 : A = 31° 16' 20" 

Ans. BC 11-16 : AB 18-35 

10. AB = 31ii : C = 69° 31' 10" 

Ans. BC 11-87 : AC 33-95 

11. AC = llfi : C = 29° 10' 40" 

Ans. AB 5-7 : BC 1019 

12. AB = IIH : A = 31° 45' 15" 

Ans. AC 13-18 : BC 6-96 

13. AC = 11211 : A = 47° 20' 10" 

Ans. AB 76-24 : BC 8272 

14. AC = 602f : AB = 51^^ 

Ans. BC 600 : A 85° 5' 18" 

15. BC = 21i;: ABzi 69ff 

Ans. AC 72-72 : A 17° 8' 10" 
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Oblique Angled TRiANaLES. 

CASE I. 

In the oblique angled plane triangle ABC, given 

1. AC = 23-01 : AB = 19*42 : B = 39° 42' 15" : find the other 
parts 

Ans. Z.C 32° 37' 24" : A 107° 40' 24" : BC 34-32 

2. AB = 12-29 : BC = 14-21 : A =z 31° 16' 17" 

Ang. C 26° 49' 35" : B 122° 3' 8" : AC 23-2 

3. AC = 31-25 : BC = 21-05 : B = 26° 4' 17" 

Ans. C 136° 26' 12" : A 17° 19' 31" : AB 48-71 

4. AB = 11-275 : AC = 21342 : B = 101° 31' 29 

Ans. C 31° 10' 28" : A 47° 18' 3" : BC 16-01 

5. AB = 112-254 : BC = 16175 : C = 121° 1%' 15" 

Ans. A 7° 4' 27" : B 51° 39' 18" : AC 103 

6. AC = 31-256 : BC = 69-175 : A = 139° 45' 20" 

Ans. B 16° 58' 20" : C 23° 16' 20" : AB 42-3 

7. A = 21° 16' 15" : B =39° 44' 27" : AB = 69-25 

Ans. BC 28-72 : AC 50-62 : C 118° 59' 18" 

8. B = 39° 44' 27" : C = 68° 21' 15" : BiC = 31-14 

Ans. AC 21-06 : AB 30-83 : A 70° 54' 8" 

9. C = 21° 14' 15" : B = 39° 22' 10" : BC = 61-152 

Ans. AC 44-51 : AB 25-42 : A 119° 23' 35" 

10. A z= 31° 26' 15" : B = 21° 17' 15" : AC = 69-25 

Ans. AB 151-8 : BC 99-5 : C 127° 16' 30" 

11. B = 61° 27' 12" : A = 39° 44' 26" : AC = 39-152 

Ans. AB 43-75 : BC 285 : C 78° 68' 22" 

12. C = 69° 44' 25" : B = 69° 44' 25' : AC = 30-52 

Ans. AB 30-52 : BC 2113 : A 40° 31' 10" 

CASE II. 

In the oblique angled plane triangle ABC, given 

1. AB = 21-65 : BC = 29-85 : B = 101° 31' 25" : find the 
other parts 

Ans. A 47° 10' 13" : C 31° 18' 21" : AC 39-88 

2. AC zz 161-5 : AB = 214-8 : A = 39° 16' 25'' 

Ans. B 48° 42' 42" : C 92° 0' 52" : BC 136 

3. AB = 61-25 : BC z= 41-85 : B = 121° 15' 0" 

Ans. A 23° 19' 44" : C 35° 25' 16" AC 90-35 
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4. AC = 612-25 : BC = 81-145 : C = 81° 10' 40" 

Ans. A 1« 34' S8' : B 147° 14' 42^^ ; AB 5857 

5. AB = 12-85 : AC = 1285 : A = 126° 16' 15" 

Ans. B 26° 51' 52" : C 26° 51' 52* : BC 22-92 

6. AC = 216-85 : AB = 314-75 : A zz 112° 13' 45" 

Ans. B 26° 50' 5" : C 40° 56' 9" : BC 444-7 

7. BC = 16-152 : AC = 17-152 : C = 29° 45' 30" 

Ans. A 68° 40' 20' : B 81° 34' 10" : AB 8-60G 

8. AB = 12-625 : BC = 16-725 : B = 116° 31' 10" 

Ans. A 36° 40' 44" : C 26° 48' 6" : AC 25-05 

9. BC = 21-65 : AC = 1925 : C = 112° 42' 30" 

Ans. A 35° 52' 56" : B 31° 24' 34" : AB 34-08 

10. AB = lfr95 : BC = 25-92 : B = 116° 44' 35" 

Ans. A 38° 58' 17" : C 24° 17' 7" : AC 36-8 

CASE III. 

In the obliqne angled plane triangle ABC, given 

1. AC = 20-75 : AB = 80-62 : BC = 40-12 : find A 

Ans. A 100° 0' 6" 

2. AC =z 12-25 : AB = 1645 : BC = 10-12 : find B 

Ans. B 47° 57' 40" 

3. AC = 8-645 : AB = 6-125 : BC = 12-95 : find C 

Ans. C 23° 45' 50" 

4. AC = 24-87 : AB = 25-67 : BC = 31-25 : find A 

Ans. A 76° 24' 56" 

5. AC = 89-26 : AB = 31-27 : BC = 29-25 : find B 

Ans. B 80° 48' 52" 

6. AC = 67-15 : AB = 89-25 : BC = 64-15 : find C 

Ans. C 30° 11' 24" 

7. AC = 1-615 : AB = 2-245 : BC = 3-125 : find A 

Ans. A 107° 2' 32" 

8. AC = 10-16 : AB = 6-14 : BC =z 12-18 : find B 

Ans. B 56° 22' 28" 

9. AC = 39-62 : AB =: 21-64 : BC = 27*28 : find 

Ans. C 31° 22' 14" 

10. AC = 2J : AB =z 4|| : BC = 6f| : find A 

Ans. A 119° 52' 40" 



PIiANE AND SPHERICAL TBIGONOMETBY. 130 

11. AC = -164 : AB = -265 : BC = -314 : find B 

Ans. B 168° 58' 26" 

12. AC = -029 : AB = -015 : BC = -036 : find 

Ans. C 23° 41' 36" 

To Find the Area. 

In any plane triangle ABC, given 

1. Base = 30*25 : perpendicular = 10*6 

Area 158*8125 

2. Base = 60 : perpendicular zz 10*5 

Area 315 

3. AC = 11-25 : AB = 10-75 : A = 22° 30' 

Area 23-15 

4. AB = 20-16 ; BC = 17*15 : B = 62° 10' 

Area 102-85 

5. AC = 11-72 : BC = 10-45 : C =z 61° 10' 

Area 53-6 

6. AB = 10-45 : AC = 6*25 : A = 39° 17' 

Area 20*67 

7. AC = 6*25 : AB =z 10*95 : A 11° 25' 

Area 6-68 

8. AB = 3-245 : BC = 6*125 : B = 29° 4' 

Area 4*83 

9. BC = 12*62 : AB = 7*25 : B z= 110° 40' 

Area 42*8 

10. AB = 12*42 : BC = 15*24 : AC = 11*27 

Area 68*81 

11. AB = 11*64 : BC = 21*75 : AC = 18*45 

Area 107*3 

12. AB = 9*65 : BC = 10*72 : AC = 12*42 

Area 49*86 

Spherical Triangles. 

CASE I. 

In an oblique angled spherical triangle ABC, given, 

1. AC zz 120° 15' 30" : CB zz 110° 45' 15" : C = 45° 20' 30" : 
find AB 

Ans. 41° 43' 50" 
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2. BC = 64° 12' 35'' : AC = 21° 14' 15" : C = 12° 45' 30': 
find AB 

Ana. 43° 38' 42'' 

3. AB = 71° 15' 15" : AC = 39° 44' 30" : A = 112° 44' 15^ 
findBC 

Ans. 89° 14' 52" 

4. AB =z 26° 45' 10" : BC = 39° 51' 44" : B = 61° 20' 25" : 
find AC 

Ans. 84° 31' 68" 

5. BC =z 39° 11' 44" : AC = 69° 21' 54" : C = 11° 44' 15" : 
findAB 

Ans. 31° 33' 4" 

6. AC = 110° 44' 30" : AB = 116° 41' 10" : A = 110° 15' 40" : 
findBC 

Ans. 97° 29' 14" 

7. AB = 12° 44' 30" : BC = 16° 31' 10" : B = 29° 44' 30": 
find AC 

Ans. 8° 17' 4" 

8. AB = 69° 29' 54" : BC = 71° 10' 44" : B =z 61° 12' 45" : 
find AC 

Ans. 57° 19' 16" 

9. AC = 112° 44' 30" : CB = 116° 17' 40" : C =z 110° 15' 0" : 
findAB 

Ans. 96° 36' 4" 

10. AB = 91° 30' 15" : BC = 102° 15' 16" : B = 39° 15' 10" : 
find AC 

Ans. 40° 21' 26" 

11. AC = 101° 15' 30" : AB = 102° 14' 20" : A = 12° 39' 15" : 
findBC 

Ans. 12° 25' 28" 

12. BC = 69° 21' 10" : AC = 72° 30' 50" : C = 112° 15' 45" : 
findAB 

Ans. 103° 25' 30" 

CASE 11. 

In the oblique angled spherical triangle ABC, given 

1. AB = 21° 14' 30" : BC = 39° 20' 10" : B = 60° 31' 15" : 
to find angles A and C 

Ans. A 91° 5' 31" : C 34° 51' 11" 

2. BC = 12° 40' 30" : AC = 15° 50' 35" : C = 29° 30' 10" : 
to find angles A and B 

Ans. A 52° 35' 43" : B 98° 45' 45" 
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8. AB = 39° 10' 20" : AC = 16° W 34" : A = 31° 12' 40" : 
find angles B and C 

Ans. B 18° 59' 54" : C 132° 40' 46" 

4. AC = 21° 15' 40" : CB = 34° 12' 40" : C = 71° 15' 10" : 
to find angles A and B 

Ans. A 76° 7' 46" : B 38° 45' 58" 

6. AB = 34° 10' 20" : AC z= 24° 15' 10" : A = 31° 15' 40" : 
to find angles B and C 

Ans. B 43° 58' 15" : C 108° 34' 3" 

. 6. BC = 21° 15' 10" : AC = 39° 12' 25" : C = 44° 16' 30" ; 
to find angles A and B 

Ans. A 83° 6' 88" : B 107° 42' 44" 

CASE III. 

In the oblique angled spherical triangle ABC, given 

1 AB = 12° 40' 30" : BC =z 21° 14' 15" : AC = 16° 17' 42" : 
to find A 

Ans. 94° 3' 20" 

2. AB = 39° 15' 40" : BC = 45° 10' 20" : AC = 50° 21' 15" : 
to find B 

Ans. 78° 8' 50" 

3. AB = 61° 17' 20" : BC = 72° 14' 15" : AC = 70° 20' 10" : 
to find C 

Ans. 65° 5' 20" 

4. AB =z 42° 40' 40" : BC = 51° 27' 20" : = AC 40° 31' 80" : 
to find A 

Ans. 81° 36'. 20" 

5. AB = 69° 51' 20" : BC = 110° 14' 20" : AC = 81° 16' 40" : 
to find B 

Ans. 72° 5' 46" 

6. AB =z 110° 39' 50": BC = 114° 60' 44" : AC = 111° 32^ 10" : 
to find C 

Ans. 126° 55' 35" 

CASE IV. 

In the obliqne angled spherical triangle ABC, given 

1. A = 81° 20' 10" : B = 84° 27' 20" : AB = 62° 40' 40" : 
find AC and BC 

Ans. AC 87° 41' 18" : BC 34° 11' 32" 

2. B = 72° 10' 53" : C = 69° 31' 10" : BC = 51° 20' 10" : 
find AB and AC 

Ans. AB 54° 59' 56" : AC 56° 21' 10" 
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8. C = 64° 12' 20" : A = 61° 20' 15" : AC = 72° 15' 50" : 
find AB and BC 

Ana. AB 59° 5' 55" : BC 56° 44' 21" 

4. A = 79° 40' 15" : B = 72° 15' 15" : AB = 60° 40' 20" : 
find AC and BC 

Ans. AC 65° 12' 36" : BC 69° 40' 42" 

5. B = 62° 40' 25" : C = 75° 10' 35" : BC = 72° 12' 40" : 
find AC and AB 

Ans. AC 58° 45' 18" : AB 68° 29' 5" 

6. C = 29° 47' 20" : A = 35° 10' 40" : AC = 72° 40' 10" : 
find AB and BC 

Ans. AB 37° 22' 15" ; BC 44° 44' 17" 

CASE V. 

In the oblique angled spherical triangle ABC, given 

1. AC = 39° 40' 15" : BC = 62° 40' 10" ; = A 59° 20' 10" : 
to find B 

Ans. 38° 10' 42" 

2. BC = 72° 40' 20" : AB = 69° 31' 50" : A = 49° 10' 20" : 
to find C 

Ans. 47° 57' 13" 

3. AB = 67° 12' 50" : AC = 77° 15' 40" : B 39° 40' 10" : 
to find C 

Ans. 37° 6' 40" 

4. AC =: 62° 12' 50" : BC 51° 10' 40" : B 41° 10' 40" : 
to find A 

Ans. 35° 26' 14" 

CASE VL 

In the oblique angled spherical triangle ABC, given 

1. A = 110° 42' 50" : B 130° 16' 40" : C 95° 10' 20" : to find 
BC 

Ans. 112° 52' 50" 

2. A z= 75° 24' 40" : B 72° 9' 30" : C 114° 12' 30" : to find 
AC 

Ans. 76° 41' 48" 

3. A = 112° 15' 20" : B 116° 17' 40" : C 110° 24' 50" : to find 
AB 

Anfl. 102° 36' 6" 

4. A = 72° 10' 50" : B 119° 50' 20" : C 110° 40' 20" : to find 
BC 

Ans. 53° 35' 40" 
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5. A = 112° 42' 25" : B 119° 52' 50" : C 120° 0' 0" : tx) find 
AC 

Ans, 112° 27' 28" 

6. A = 145° 16' 10" : B 120° 17' 40" : C 119° 44' 50" : to find 
AB 

Ans. 99° 32' 58" 

CASE VII. 

Right Angled Spherical Triangles. 

In the right angled spherical triangle ABC, (B =: 90°), given 

L AC = 118° 24' 10" : A 72° 10' 40" : find the other parts 
Ans. AB 150° 29' 30" : BC 56° 52' 5" : C 145° 56' 47" 

2. AC = 110° 20' 0" : AB = 59° 50' 0" 

Ans. A 129° 36' 37": C 67° 13' 25" : BC 133° 44' 51" 

3. AC = 62° 40' 10" : BC =z 51° 19' ^0" 

Ans. A 61° 29' 52" : C 49° 47' 4" : AB 42° 43' 1" 

4. AB = 110° 40' 30" : BC = 92° 5' 0" 

Ans. A 91° 56' 58" : C 110° 39'^ 45" : AC 89° 15' 52" 

5. AB = 42° 40' 0" : C = 51° 50' 0" 

Ans. A 57° 10' 56" : BC 46° 25' 19" : AC 59° 32' 38" 

6. BC = 72° 10' : A = 81° 40' 

Ans. C 28° 14' 44" : AB 27° 5' V : AC 74° 10' 38" 

7. AB =z 167° 10' 30" : A =z 42° 15' 50" 

Ans. C 130° 58' 41" : AC 162° 54' 7" : BC 11° 24' 18" 

a AB = 110° 30' 0" : BC = 67° 10' 0" 

Ans. A 68° 2& 36" : C 109° 0' 48" : AC 97° 48' 38" 
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PEOBLEMS IN TRIGONOMETEY. 

1. At the distance of 880 feet from the base of a tower, the 
angle of elevation of its top, was, 23° 15' 40", the height of the 
observer's eye being 6 feet : required the height of the tower. 

Ans. 384-2 feet. 

2. From the top of a ship's mast, the angle of depression of 
another ship's hull 580 yards off was 4° 55' 30" : find the height of 
the mast. Ans. 49*97 yards. 

3. The angle of elevation of a tower, was 23° 14' 30" : and 
500 yards farther off in the same direction from its base, its 
elevation was 10° 59' 50" : required its height. 

Ans. 177*5 yards. 

4. The angle between two trees on the opposite bank of a river 
was 62° 30' 10", and my distance from either tree was 840, and 
920 yards : required the breadth of the river. 

Ans. 749 yards. 

5. At a certain distance from the base of a tower, the angle of 
elevation of its top, was double its angle of elevation at three times 
that distance from its base : find the first angle, and the height of 
the tower. 

Ans. height = dist x \/3 : angle 60°. 

6. The intervals between the flashes and reports of two cannon 
on a straight fortification, were 4 and 6 sec"-, and the angle between 
the positions of the cannon was 20° 45' : find my shortest distance 
to tne line of fortification (sound travelling 1142 feet in a second). 

Ans. 3641 feet. 

7. From each of two opposite sides A and B of a street, I took 
the angles of elevation of a steeple 200 feet high, which could be 
seen beyond the end of the street, and found them to be, at A, 
45° 10', and at B, 42° 40'. I also measured at A, the horizontal 
angle, between B and the steeple, 62° 30' : find the breadth of the 
street. Ans. 218 feet. 

8. From a ship at A, the bearing of an island C, was due N, and 
of another, D, ENE. After sailing due E 10 miles to B, the 
bearing of the island C was NWJN, and of D, NNE^E : find the 
distance of the islands from each other. 

Ans. 16*06 miles. 

9. The bearing of a tower from A was NE, and the angle of 
elevation of its top, was 30°. After walking SE 500 yards to B, 
it bore from me N^W : find its height. 

Ans. 192*8 yards. 
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10. The angle of eleyatiou of a tower, bearing N, at a distance 
a from its base, was 26, and after walking dne E to a distance c^ 
the angle of elevation was 6 ; find an expression for B. 



AnB.tanfl- / ^/ «* + ^ + 2a 



y N/ gg -f c^ 
n/ a« H- c2 

11. At a distance a from the base of a tower, its angle of eleva- 
tion was 26. I then measm*ed h feet farther off in same direc- 
tion as the distance a^ and walked ronnd the circumference of 
a circle, of which the base of the tower was the centre, till the eleva- 
tion was 6 ; sh ow that the height of the tower may be represented 
by >/ J2 _ ^«. 

12. Standing in a line between two elevations, at a feet from the 
lower, and h fix^m the higher, I found ttiat they subtended equal 
angles, and that the squares of their heights were proportional to 
the squares of the sum and difference of their distances, show that 
the heights are to each other as, a^ {a + h) \ l^ {a — h). 

13. The angle of elevation of the summit of a hill, at a feet from 
its base was 60°, and h feet farther off in a straight line, the angle 
of elevation of the top of a tower upon it was 30° ; find the height 
of the tower. ^^^ h — 2a 

14. The angle of elevation of the top of an eminence, bearing 
due E., at a feet from its base was 26, and h feet farther south, the 
angle was 6 ; find its h eight. 

Ans. / (a« + ¥) — 2a s/ a- + b^ 

15. On a certain day, at noon, when the Sun's declination was 
22° 30' S, the shadow of a perpendicular stick was 7 times the 
length of its shadow on another day, when the declination was 
22° 30' N. : find the altitude of the Sun at noon on each day, and 
the latitude of the place. 

(Altitudes 57° 47' 21" 
Ans. -? and 12 47 21 

( Latitude 54 42 39 

16. At noon, on a certain day, when the Sun's declination was 
12° 80' N., the length of the shadow of a perpendicular stick was 
5 feet, and its longest shadow, when sloping, 7 feet ; required the 
latitude. Ans. 58° 5' 5" N. 

17. In latitude 30° N., the meridian altitude of the Sun wa« 
75°; show that the tangent of quarter the length of the day 

^ V3T"i/ 

K 
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18. Giyen the Sun's altitude when on the prime vertical 15° 20', 
and at 6 o'clock, 13° 22' ; find fte latitude and declination. 

Ans. Lat 69° 13' 48" ; dec 14° 18' 53". 

19. If (a + /3) represent the right ascension of an object ; 
(a — /3 its declination ; and 6 its latitude ; show that the cosine of 
its longitude = cos«a"8i^^/3 

^ COS0 

20. A ship sails from lat 34° 30' S, long 25° 20' W, to lat 
89° 10' S, on a SSW^W course ; find her long in. 

Ans. 28° 27' W. 

21. A ship sails from lat 67° 30' N, till her dep is 110 miles, 
and her D long 260 ; find her lat in. 

Ans. 62° 26' N. 

22. When the Sun's declination was 18° N, he set at 7*» 9" 20» 
P.H. ; find the latitude. 

Ans. 42° 31' 4" N. 

23. When the Sun's declination was 20° N, he set 3 hours later 
than when it was 20° S ; find the latitude, and the times of his 
setting. 

f Lat 46° 26' N. 
Ans. < Time 7** 30™ p.m. 
( „ 4'* 30°» P.M. 

24. Given the altitudes of Vega and Altair, 85° 50', and 57° 3' 
respectively ; their right ascensions, 18** 32°* and 19** 44°* ; and their 
declinations, 38° 40' N, and 8° 31' N ; find the latitude. 

Ans. 39° 26' 10" N. 

25. Two posts are in a line with the Sun, and are 12 feet apart; 
the line joinmg their tops measures 15 feet. I observed that their 
shadow cast by the Sun extended 6 feet beyond the smaller post ; 
find their heights, and the Sun's altitude. 

* /Heights, 13*5 and 4*5 feet. 
^^- 1 Altitude of Sun 36° 52'. 

26. To determine the height of a column, I set up a staff 10 feet 
high, in a line with it and the Sun, and found that the end of the 
shadow extended beyond the staff, to half the distance between it 
and the column ; find its height. 

Ans. 30 feet. 

27. The hull of a ship, 15 miles off, is just visible upon the 
horizon ; find the height of my eye above the sea. 

Ans. 150 feet. 
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28. The angle of eleyation of the top of a tower, a feet high, was 
30^, and the vertical angle subtended by a flag staff on the tower 
from the same point was 5° : find the height of the staff. 

Ans. '2126 a. 

29. A pole is inclined to the horizon at an angle of 60°, and at a 
feet distance on the opposite side to which it inclines, the angle of 
elevation of its top is 15° : find the height of its top from the 
ground. __ 

Ans. Ja (3 — ^/ 3). 

30. The mainmasts of two vessels, 180 and 150 feet high, sub- 
tended angles of 1° 30', and 2° 30' respectively ; and the bearings 
of the vessels, from the same point, were NNW, and NE : find 
their distance apart. 

Ans. 6401 feet. 

31. The bearing of a balloon from a certain point was N60°E, 
and at a distance of a yards farther south its bearing was N30°E, 
and its angle of elevation was 30° : find its height. 

Ans. a, yards. 

32. In a certain latitude, when the Sun's declination was 
19° 10' N, he set 6 hours later than when it was 21° 10' S: find 
the times of his setting, and the latitude of the place. 

(Times, 9*» 12™ 20* p.m. 
Ans. \ „ 3'> 12"» 20* p.m. 
(Latitude, 62° 30' N. 

33. At 3 P.M., when the Sun's declination was 0° ; his altitude 
was 44° 40' : find the latitude of the place. 

Ans. 6° 11' 30". 

34. Given, the altitude and declination of a celestial object, 
each 45°, and its azimuth 60° ; find the latitude and hour angle. 

. f Latitude, 36° 52' 12" 
^^^' \ Hour angle, 4»» 0°» 0*. 

35. In latitude 45° N, the sum of the altitudes of two bodies on 
the prime vertical and six o'clock hour circles was 90°, and their 
declinations were equal : find their altitudes and declination. 

(Altitude of body on prime vertical, 63° 26' 5" 
Ans. ^ „ on six o'clock hour circle, 26° 33' 55" 
(Declination, 39° 14' 0"N. 

36. When a certain object was 4*» from the meridian, in lat 45°, 
its polar distance was equal to the latitude : find its altitude. 

Ans. sin a = 1 : 48° 35' 25". 
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37. When a oertain object was 2^ 14* 48* from the meridian, its 
aUdtode was 60°, and ita polar distance was eqnal to the latitude : 
find the latitode. 

An& Bin 2/ = 35^^ : lat : 35° 2^ 44^ 

38. The azimuth of a celestial object was 60°, its polar distance 
was 60°, and its altitude was equal to the latitude of the place: 
find the latitude. 

Ans. cos lat = 4- : lat : 54° 44'. 

V3 

39. Find the declination of an object whose amplitude is equal 
to the latitude of the place of observation. 

Ans. sin dec =: ^ . sin 2 lat. 

40« Where would an object be whose declination is equal to the 
colatitude of the place ? 

Ans. in the north point. 

41. Show that the latitude of the place is the complement of 
half the sum of the meridian altitudes of the Sun, at Ins greatest 
N and S declination, or when his declination N and S are equaL 

42. If a be the meridian altitude of the Sun on June 2lBt, and 
d that on December 2lBt, show that his declination = ^ (a ^ d\ 

43. If a be the Son's meridian altitude when his dech'nation is 
N, and d that when his S declination is double the N, show that 
N dec = i (a - ^). 

44. If the Sun's meridiaiji altitude on the longest daj be a, and 
on the shortest, d^ show that, 

tan lat = cot ^ (a + ol\ 

45. If (a — ^), be the hour angle of an object when on the 
prime vertical, and (a + ^), its hour angle when setting, show that, 

sec 2 Z == cot a cot ^. 

46. If (a — 1>) be the altitude of an object when on the prime 
vertical and (a + V) its meridian altitude, show that, 

taa kt = ooB(^ + ft). 
2 COB a . sm ^ . 

47. The meridian distance of two places in the same latitude, is 
{a ^ ^), and of two others, in a less latitude (a + ^) : the sum of 
the latitudes is 90° : find an expression for the difference of latitude. 

Ans. tan ^ (Z — 7) = -. 
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48. In the preceding question, if a zz 60 and h :=z ZO miles : 
find the latitudes of the parallels. 

. f / 71° 83' 54'' 
^®'t?18 26 6 

49. The meridian distance of two places, is double that of two 
other places in a higher latitude ; and the latitudes are, as 1 to 2 : 
find them. 

A 7 1 + \/83 
Ans. cos Z = g 

whence lat : 82** 29' 18" 
and 64 58 36 

50. If one latitude be three times the other, and the meridian 
distances as 1 to 3. 

Ans. cos / =^A 

whence lat : 24° 5' W 
„ and : 72 17 3 

51. Two ships haying made the same diff : long : , sail until 
their departures are as 1 to 2, and their middle latitudes as 3 to 1 : 
find theur middle latitudes. 

Ar,a f20°42'18" 
^' I 62 6 54 

62. Two ships sail S45°W, and S60°W, haying made the same 
diff : long : their diff : lats : are as 1 to 2, and their middle latitudes 
as 3 to 1 : find them. 

Ar,a /24°56'10'' 
^^^' (74 48 30 

53. The great circle tracks of two ships cross each other in the 
yertex of both. The first ship saQs to a higher latitude, fi-om lat : 
45°, and the second to a higher latitude from lat 60° ; their 
differences of longitude are as 3 to 1 : find their differences of 
longitude. 



^^' ^ 57 25 9 



<■{ 



54. Giyen the base of a triangle, 2a : one of the other sides, a , 
and the angle opposite, 30° : find the area of the triangle. 

Ans.|.yi: 

55. Giyen the base of a triangle, 4a : the angle opposite, 60°, 
and one of the other sides, 3a : find the area. 

Ans. 5*9 a«. 
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56. From the hypothennse of a right angled triangle, whose 
perpendicular is 6, and base 10, a line ifl drawn at right angles to 
the latter, cutting off a triangle, whose area is eqnal to half that of 
the original triangle : find its sides. 

Ans. S^2, 5\/2 ^^^ VlT^ 

57. In two triangles, the area of one of which, is double that of 
the other, the corresponding sides d and a of the larger, and e and 
d of the smaller, contain angles of 60° and 30° respectively : if 
a =z d, show that b : e :: 2 V3^ 

58. Two ships sailing from the same meridian, meet each other. 
One sails S0°W, the other N2 6°W : the distances sailed are as 7 to 
4J : show that their d : lat « : are to each other, as 5*8 : 1*51 

59. Two ships sail from the same place, one Sa^W, 40 miles, the 
other, S3a:°E, 50 miles, and reach the same parallel : find their 
courses, and difference of latitude. 

Aria /Courses 12^ 55' and 38° 45' 
•^^ t diff : lat 39 mfles. 

60. Two ships sail from the same place, one Sa^E,« miles, the other 
S2aPW, 2a miles, reaching the same pansJlel : find their courses. 

A^c n^a ^ - 1 + >/33 « 32° 29' E 
Ans. Cosa:=: f- ; g 64 58 W 

61. When the Sun's altitude was 26, the shadow of a perpen- 
dicular stick was a; and on the same day when his altitude was d, 

the shadow was a + h; show that cos 26 = ? . 



62. In lat 48°, the altitude of a body on the prime vertical was 
double its altitude on the six o'clock hour circle on the same day : 
find its declination, and the altitudes at each position. 

f On the six o'clock hour circle, 25° 6' 
Ans. < „ „ prime vertical 50 12 

(Declination 34 48 

63. A Polacre Brig riding at anchor in a sea-way, pitched away 
her mainmast (a single stick), and as the broken part hung down, 
the mast-head touched the deck at 64 feet distant from the partners 
of the mast. The crew fished and scarphed the mast, and got it 
on end again, but when up, they found by the rigging that it was 
7 feet shorter than before. The brig was afterwards run foul of, 
and her mast was carried away again in the same place, but this 
time, as the broken part hung down, the mast-head touched the 
deck at 55 feet distant from the part. Kequired to find the 
height of the mast at first, also, the height of the broken part, or 
stump, above the deck, supposing the mast to be perpendicular to 
the deck. Ans. 128, and 48 feet. 



APPENDIX. 



MERCATOR'S SAILING. 

In " Plane Sailing," a right angled triangle is constraeted similar 
to the numerous elementary triangles formed by a rhumb line 
cutting the meridians on the globe, and having its sides equal in 
length to the sum of the corresponding sides of the small triangles. 
Now, if these small triangles of the globe be projected on a Mercator's 
chart, and another similar triangle be constructed as in " plane 
sailing," with its sides equal in length to the sum of the corre- 
sponding sides of the projected triangles, we shall obtain a triangle 
similar to the first, or " plane sailing" triangle. 




Let ABC, and ADE be the two similar triangles, haying the 
common angle at A. Then A6 is the difference of latitude : AD 
the meridional difference of latitude : BC the departure : DE the 
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difference of longitude : AO the distance Bailed : AE the projected 
distance : and the angle A the course. 

Then ?? = tan A 
DA 

. ^ diff lone: *, 

f. e -^ =: tan course 

mer d lat 

also, 

ED : DA :: CB : BA 

D long : mer d lat : : dep : d lat 
therefore, 

d long = "^erdlat x dep 

dlat 



MERCATOR'S CHART. 

Imagine the Earth to be touched at every point of the equator 
by a circumscribed cylinder of white paper, and conceive the eye 
to be placed at the centre of the globe. If the meridians of the 
globe be delineated on the paper cylinder as they appear to the 
eye, they wiU become straight lines parallel to each other, and the 
parallels of latitude will be represented by circles equal to the 
equator. 

Let the cylinder be now unrolled into a plane sur&ce; the 
equator has now become a straight line; the meridians have 
become straight lines at right angles to it, and parallel to each 
other ; and the parallels of latitude also straight lines everywhere 
equal to the equator. 

Now, a chart to be of service to the navigator must represent 
the precise relation that exists between the minute divisions of the 
meridian, and the minute divisions of a parallel near to some 
point on the globe. Thus, if on the globe, the length of a minute 
of the parallel of 60° be one half the length of a minute of a 
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meridian, then, on a chart, that same relation should hold 
good. Or, if in lat 70°, the length of a minute of a meridian be 
about thrice the length of a minute of the parallel, the same rela- 
tion must obtain on the chart. 

But these relations the above projection does not accurately 
giye, and recourse is had to a more exact method, still keeping to 
the idea of the developed cylinder. 

On the globe, if a minute of the equator be taken as the limit 
of measurement, then, a minute of any parallel of latitude must be 
multiplied by the secant of that latitude, to be made equal to a 
minute of the equator. But as was shown above, the parallels 
have become equal to the equator (and therefore to the meridians), 
consequently they have become multiplied by the secants of their 
latitudes; and, in order that the proper relations may still be 
preserved at all points, the minutes of the meridiajis must be 
increased in the same degree, that is, in the ratio of the secants of 
the latitudes of those points. 

The length, therefore, of a minute of a meridian at any par- 
ticular point on a Mercator's chart, is found. by multiplying a 
true minute of the meridian by the secant of the latitude of 

that point ; and the sum of all the increased minutes contained 
in a portion of a meridian between two parallels is termed the 
" meridional difference of latitude." A table containing all these 
secants for every minute of latitude is called a table of " meridional 
parts." 

It will be obvious that a chart or map constructed on such a 
framework will give an entirely false idea of the relative areas of 
countries in different latitudes. At the equator alone, portions of 
the globe will appear as they are on the globe, while the more 
distant a country is from the equator, the more is its area exagge- 
rated; the shape is all that remains true. This disadvantage, 
however, is more than counterbalanced by the precious properties 
it possesses for the purposes of navigation. 

The shortest distance between two points on the globe is along 
the arc of a great circle joining them ; but, q& an arc of a great 
circle cuts the meridians at different angles, to sail on it, it would 
be necessary to change the "course" continually. 
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The curve, however, which does cut the meridians at the same 
angle, and which, for distances not immense, is little longer than 
the arc of a great circle, is called a " rhumb line ;" and, as only 
straight lines can cut parallel straight lines at the same angle, it 
follows that a rhumb line must be delineated on a Mercator's chart 
by a straight line. 
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